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ANALYTICAL CONSIDERATIONS ON THE PROPAGATION OF A SHOCK 
THROUGH F'LUID, PLASTIC AND ELASTIC MEDIA 

INTRODUCTION 

The a t t a c h e d  r e p o r t  i s  submit ted a s  t h e  twen t i e th  Quar t e r ly  Progress  - 
Report on P r o j e c t  NASr-7. The t i t l e  of t h e  p r o j e c t  i s  "Shock, Flow and 

Radia t ion  from t h e  Hyperveloci ty  Impact of Micropar t ic les" .  The a n a l y t i c a l  

and exper imenta l  phases of t h i s  p r o j e c t  a r e  concerned w i t h  t h e  phenomena 

t h a t  occur  w i t h  t h e  hype rve loc i ty  impact of m i c r o p a r t i c l e s  on a massive 

t a r g e t ,  which may be  s o l i d ,  o r  layered .  The o v e r - a l l  o b j e c t i v e  i s  t o  

o b t a i n  a s u f f i c i e n t l y  fundamental  understanding of t h e  p h y s i c a l  mechanisms 

i n  t h e  hype rve loc i ty  impact of a mic ropa r t i c l e  s o  t h a t  t h e  momentum and 

energy t r a n s f e r r e d  from t h e  p a r t i c l e  t o  t h e  t a r g e t  may be  a s c e r t a i n e d ,  and 

p o s s i b l y ,  t h e  d e n s i t y  of t h e  i n c i d e n t  mic ropa r t i c l e s  may be e s t ima ted ,  

The a t t a c h e d  r e p o r t  i s  a c o l l e c t i o n  of r e fe rences  on t h e  mechanisms 

by which t h e  shock from a hyperve loc i ty  impact i s  propagated,  a lmost  

r a d i a l l y ,  away from t h e  zone of t he  impact.  A r e p o r t  f o r  a n  M.S. degree  

i s  a review of publ i shed  information and a c o l l e c t i o n  of  r e f e r e n c e s  on t h e  

subject .  It Inerr not, n e c e s s a r i l y ,  p r e s e n t  new informat ion .  A r e p o r t  i s  

cons idered  t o  r e q u i r e  less than  one t h i r d  of t h e  t i m e  t o  p repa re  t h a t  would 

be  r equ i r ed  f o r  a t h e s i s  and i s  usua l ly ,  but  not n e c e s s a r i l y ,  used f o r  

termina 1 degrees .  

With v e l o c i t i e s  t h a t  a r e  high i n  t h e  hyperve loc i ty  range f o r  t h e  

impact of a m i c r o p a r t i c l e ,  t h e  p re s su re  i n  t h e  t a r g e t  and i n  t h e  ad jacen t  
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m i s s i l e  m a t e r i a l  may reach t h e  magnitude of a few t o  perhaps SO megabars. 

I n  t h i s  p re s su re  range,  t h e  m a t e r i a l s  a r e  considered t o  flow a s  a non- 

v i scous  f l u i d .  A s  t h e  shock f r o n t  propagates i n t o  t h e  t a r g e t  and away 

from t h e  impacting mis s i l e ,  t h e  shock changes shape and t h e  a r e a  of t h e  

shocked f r o n t  i n c r e a s e s  so  t h e  i n t e n s i t y  of t h e  shock dec reases .  A s  a 

very rough approximation, t h e  decrease is  i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  

squa re  of t h e  d i s t a n c e  from t h e  i n i t i a l  zone of impact.  A s  t h e  peak 

p r e s s u r e  dec reases ,  t h e  shock i n t e r a c t i o n  wi th  t h e  t a r g e t  no longer 

produces a f l u i d  media, i n s t e a d  the  media i s  only made p l a s t i c ,  With 

f u r t h e r  dec rease  i n  ampli tude of the shock f r o n t ,  t h e  t a r g e t  m a t e r i a l  

t r a n s m i t s  t h e  shock whi le  remaining an  e l a s t i c  m a t e r i a l .  This  r e p o r t  

assembles t h e  b a s i c  equa t ions  f o r  t h e  propagat ion of t h e  shocks through 

t h e s e  t h r e e  media. I t  does not d i scuss  t h e  coupling of t h e  shock from 

one media t o  a n o t h e r .  

This r e p o r t  concludes wi th  a s h o r t  review of t h e  Russian l i t e r a t u r e  

on the shock compression of porous media. There i s  s t i l l  more r e c e n t  

American l i t e r a t u r e  on t h e  s u b j e c t  which s u b s t a n t i a t e s  most of t h e  Russian 

conc lus ions ,  bu t  which extends the  exp lana t ion  s t i l l  f u r t h e r  t han  i s  

p resen ted  i n  t h i s  r e p o r t .  Work has been s t a r t e d  t o  program t h e  problem 

f o r  t h e  impact of a porous sphe re  on to  a s e m i - i n f i n i t e  s l a b  of aluminum. 

Th i s  computer program i s  t o  include t h e  p l a s t i c  and e l a s t i c  m a t e r i a l  and 

i s  expected t o  be ve ry ,  very long. This computation will LiizLids t h e  

e f f e c t  of t h e  change i n  media a s  t h e  shock propagates  away from t h e  i m -  

p a c t  zone. 

A s  a p re l imina ry  t o  t h i s  long, proposed i n v e s t i g a t i o n  t h a t  i s  s t a r t -  

i n g ,  t h e  hype rve loc i ty  impact of t h i n  p l a t e s  of s o l i d  and of porous 

m a t e r i a l s  i s  being i n v e s t i g a t e d .  The major a r e a  of d i f f i c u l t y  i n  t h i s  
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p a r t i c u l a r  phase i s  t h e  r e f l e c t i o n  of t h e  shock from t h e  back f a c e s  of 

t h e  impacting, t h i n  p l a t e s .  The t reatment  of  shock r e f l e c t i o n  from t h e  

back f a c e  of t h e  p l a t e  i s  d i f f i c u l t  and i s  not  e n t i r e l y  amendable t o  t h e  

mathematics of a continuum. 

i r r e g u l a r ,  non-plane i n t e r f a c e s  of i n h e r e n t  weakness i n  t h e  p l a t e .  The 

p o s i t i o n  of t h e s e  i n t e r f a c e s  i s  not p r e d i c t a b l e  by a s imple t r ea tmen t  

of a continuum. The o v e r a l l  consequence of m u l t i p l e  r u p t u r e  of t h e  i m -  

pact ing p l a t e  i s  t o  convert  a p a r t  of t h e  i n i t i a l  k i n e t i c  energy of t h e  

p l a t e  i n t o  h e a t .  An apprcximate method t o  a l low €or  t h i s  conversion i s  

being i n v e s t i g a t e d .  

The r e f l e c t e d  shock r u p t u r e s  t h e  p l a t e  along 



c i . 

ANALYTICAL CONSIDERATION ON THE PROPAGATION OF 

A SHOCK THROUGH FLUID, PLASTIC 

AND ELASTIC MEDIA 

BY 

L I N  WANG 

Bachelor of Science 

Nat ional  Taiwan Unive r s i ty  

Ta ipa , Taiwan, China 

1956 

Submitted t o  the  Facu l ty  of t h e  Graduate School of 
t h e  Oklahoma S t a t e  Un ive r s i ty  

i n  p a r t i a l  f u l f i l l m e n t  of  t h e  requirements 
fo r  t h e  degree of 
MASTER OF SCIENCE 

May, 1966 



c r' 

Name: L in  Wang Date of Degree: May 22, 1966 

I n s t i t u t i o n :  Oklahoma S t a t e  Univers i ty  Locat ion:  S t i l l w a t e r ,  Oklahoma 

T i t l e  of Study: CONSIDERATIONS ON SHOCK PROPAGATION THROUGH FLUID, 
PLASTIC AND ELASTIC MEDIA 

Pages i n  Study: 65 Candidate f o r  Degree of Master of Science 

Major F i e l d :  Physics  

Scope and Method of Study: This  r e p o r t  p r e s e n t s  t he  b a s i c  considera-  
t i o n s ,  boundary cond i t ions  and equat ions  t h a t  are  r equ i r ed  t o  
c a l c u l a t e  t h e  propagat ion  of a r a d i a l  shock away from t h e  p o i n t  
of  a hyperve loc i ty  impact.  A hyperve loc i ty  impact i s  def ined  as  
t h e  c o l l i s i o n  of two bodies t h a t  a r e  approaching f a s t e r  than the  
v e l o c i t y  of sound i n  e i t h e r  body. Examples of hype rve loc i ty  
impacts are the  inc idence  of micrometeroids on space v e h i c l e s .  
With very  l a r g e  v e l o c i t i e s  i n  the hyperve loc i ty  impact,  t h e  volume 
of  a f f e c t e d  m a t e r i a l  i s  i n i t i a l l y  very  small and maximum pres su re  
of 40 megabars are  c a l c u l a t e d .  A t  t hese  p re s su res ,  a l l  materials 
a r e  be l ieved  t o  behave as  non-viscous f l u i d s .  A s  t h e  almost  
r a d i a l  shock propagates  away from the  impact zone, t h e  shock 
p res su re  w i l l  decrease and t h e  material w i l l  only be made p l a s t i c  
by the  shock and, even tua l ly ,  i t  remains e l a s t i c .  Th i s  r e p o r t  
p r e s e n t s  t h e  equat ions  f o r  the  s o l u t i o n  of shock propagat ion 
through f l u i d ,  p l a s t i c  and e l a s t i c  media. 

F indings  and Conclusions: Equat ions ex i s t ,  have been publ ished and 
are  gene ra l ly  accepted f o r  t h e  c a l c u l a t i o n  of t he  propagat ion  of 
a shock through th ree  types of  media; f l u i d ,  p l a s t i c  and e l a s t i c .  
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CHAPTER I 

INTRODUCTION 

The o b j e c t i v e  of the following s tudy i s  t o  c o l l e c t  and t o  p r e s f n t  

a summary of t h e  publ ished concepts and equa t ions  f o r  t he  l a s t  phase i n  

t h e  s o l u t i o n  of t h e  problem of r a d i a l  shock propagat ion from tbe  hyper- 

v e l o c i t y  impact of a sphere on a s e m i - i n f i n i t e  s l a b .  An impact i s  

def ined as i n  the  hyperveloci ty  range when t h e  i n c i d e n t  body approaches 

the  impact s u r f a c e  a t  a v e l o c i t y  t h a t  i s  i n  excess  of t h e  v e l o c i t y  of 

sound i n  t h e  t a r g e t  material. Preceding t h e s e s  on t h i s  p r o j e c t  have 

considered t h e  earlier phases of t he  impact. The p r e s e n t  r e p o r t  w i l l  

concen t r a t e  on t h e  l a s t  phases of the impact i n  which s p h e r i c a l  shock 

makes t h e  t r a n s i t i o n  from propagat ing through the  self-produced f l u i d  

r eg ion ,  i n t o  t h e  self-produced p l a s t i c  r e g i o n  and, f i n a l l y ,  i n t o  t h e  

e l a s t i c  r eg ion .  The l a s t  named r e g i o n  i s  t h e  one i n  which t h e  energy 

i n p u t  i n t o  the  m a t e r i a l  of t h e  t a r g e t  from the passage of the shock i s  

too small t o  conve r t  t h e  e l a s t i c  p r o p e r t i e s  of t h e  t a r g e t  material i n t o  

t h e  p l a s t i c  range.  - 

I n  t h e  c o l l e c t i o n  o f  information f o r  t h i s  r e p o r t ,  the  d i s c u s s i o n  

inc ludes  several r e l a t e d  s u b j e c t s .  I n  t h e  fol lowing,  the propagat ion 

of a shock through a n  i n v i s c i d  f l u i d  i s  considered i n  some d e t a i l .  

i s  followed by a d i s c u s s i o n  of shock propagat ion through a p l a s t i c  and 

through a n  e l a s t i c  material. 

ga t ion ,  s e v e r a l  s u b j e c t s  w i l l  be p a r t i c u l a r l y  emphasized. I n  t h e  

Th i s  

I n  cons ide r ing  t h e s e  types of shock propa- 

1 
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d i scuss ion  of shock propagat ion through t h e  p l a s t i c  media, t h e  e las t ic -  

p l a s t i c  model w i l l  be d i scussed  s i n c e  t h i s  e x p l a i n s  the  s e p a r a t i o n  of 

t h e  shock i n t o  a f l u i d  shock and i n t o  an  e l a s t i c  p recu r so r  t o  t h e  f l u i d  

shock. I n  t h e  d i s c u s s i o n  o f  e l a s t i c  shock waves, t h e  s t a t i c  and dynamic 

e l a s t i c  l i m i t s  are d i f f e r e n t i a t e d  and d i scussed .  I n  a d d i t i o n ,  t he  con- 

t r i b u t i o n  of t he  Bauschinger e f f e c t  i n  i n c r e a s i n g  t h e  dynamic-elast ic  

l i m i t  i s  d i scussed .  Equat ions of s ta te  are  p resen ted  which a r e  t o  be 

t h e  prel iminary b a s i s  f o r  covering the  e l a s t i c ,  p l a s t i c  and f l u i d  

r eg ions  f o r  i r o n  and aluminum. Some proposed equa t ions  of s t a t e  for 

s p e c i a l  materials are mentioned. 
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CHAPTER I1 

DISCUSSION OF THE INVISCID, HYDRODYNAMIC MODEL FOR 

HYPEX~LOCITY IMPACT 

Bethe (1) has shown t h a t  the propagat ion of a shock f r o n t  through 

any meterial may be c a l c u l a t e d  provided t h a t  t h e  equa t ion  of s t a t e  f o r  

t h e  material i s  known over t h e  p r e s s u r e  range under i n v e s t i g a t i o n .  

There are only t h r e e  l i m i t a t i o n s  on t h i s  s t a t emen t ,  and t h e s e  w i l l  be 

considered and ampl i f i ed  l a t e r  i n  t h i s  r e p o r t .  For p r e s s u r e s  i n  excess  

of a few megabars, i t  has been customary t o  o b t a i n  t h e  s o l u t i o n  by 

employing t h e  hydrodynamic equa t ions  f o r  non-viscous flow ( 2 ) .  The 

mathematical  techniques a r e  a v a i l a b l e  t o  s o l v e  any problem of shock 

propagat ion through a n  i n v i s c i d  medium provided f i v e  equa t ions  are known 

As mentioned above, t h e  equat ion of s t a t e  must be known. The equa t ions  

f o r  i n v i s c i d ,  hydrodynamic flow c o n s i s t  of t h r e e  equa t ions  which a r e  

f o r  t he  conse rva t ion  of mass, momentum and energy. The f i f t h  and l a s t  

requirement i s  t h a t  t h e  entropy must i n c r e a s e  a c r o s s  t h e  shock f r o n t .  

I n  t h e  p a r t  of t h i s  r e p o r t ,  t h e  propagat ion of a shock i s  con- 

s i d e r e d  f o r  a r e g i o n  which i s  considered t o  be a non-viscous f i u i d .  

This  d i s c u s s i o n  i s  p resen ted  under t h r e e  d i f f e r e n t  headings.  (a) There 

w i l l  be a d e t a i l e d  cons ide ra t ion  of t he  shock f r o n t  and t h e  equa t ions  

t h a t  r e l a t e  t he  c o n d i t i o n  of the m a t e r i a l  on both s i d e s  of t he  shock 

f r o n t .  (b) The equa t ions  of s t a t e  w i l l  be considered 

materials, b u t  t h e r e  w i l l  b e  emphasis on t h e  equa t ion  

f o r  s e v e r a l  

of  s t a t e  for 

3 
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\ aluminum. It developes t h a t  the easiest way i n  which t o  inc lude  t h e  

cond i t ion  t h a t  t h e  entropy inc reases  a c r o s s  t h e  shock f r o n t  i s  t o  form- 

u l a t e  t h e  equa t ion  of state i n  terms of the Hugoniot curve.  This curve 

g ives  t h e  f i n a l  s ta te  of the  material t h a t  has been compressed by a 

shock f r o n t .  Th i s  i s  a d i r e c t  and e f f e c t i v e  way t o  inc lude  t h e  i n -  

crease i n  entropy by t h e  compressive shock. 

t h e  t r ea tmen t ,  t h e  equa t ions  for  hydrodynamic flow are l i s t e d .  For 

c a l c u l a t i o n s  w i t h  a computer, J. von Neumann and R. D.  Richtqyer (3) 

have shown t h a t  t h e  s o l u t i o n  without  a d i s c o n t i n u i t y  may be obtained by 

t h e  i n t r o d u c t i o n  of a pseudo-viscosity term t h a t  has  two e f f e c t s .  

damps ou t  t he  computer induced o s c i l l a t i o n s  i n  t h e  s o l u t i o n ,  and i t  

sp reads  t h e  sudden p res su re  inc rease  i n  t h e  shock f r o n t  over a f i c t i -  

t i o u s  width of two, t o  four  of t h e  mesh s i z e s  t h a t  are used f o r  t h e  

computer s o l u t i o n .  

(c) For completeness of 

It 

Rankine-Hugoniot Condi t ions 

I n  the preceding i n t r o d u c t i o n ,  i t  w a s  i n d i c a t e d  tha t  f i v e  equa t ions  

are s u f f i c i e n t  t o  c a l c u l a t e  t h e  propagat ion of a shock wave. These 

equa t ions  are n o t  s u f f i c i e n t ,  without  o t h e r  c o n s i d e r a t i o n s ,  t o  d e f i n e  

t h e  cond i t ions  i n  t h e  shock f r o n t .  They are  s u f f i c i e n t ,  however, t o  

relate t h e  c o n d i t i o n s  i n  t h e  medium j u s t  b e f o r e  t h e  shock wave reaches 

t h e  medium t o  t h e  c o n d i t i o n s  i n  the  medium j u s t  a f t e r  t h e  shock f r o n t  

has  passed.  These equa t ions  may be de r ived  from t h e  flow equa t ions ,  

o r  they may be de r ived  from bas i c  c o n s i d e r a t i o n s .  

t h a t  they are des igna ted  t h e  Rankine-Hugoniot r e l a t i o n s .  The thermo- 

dynamic s i g n i f i c a n c e  of t he  equat ions i s  considered i n  o rde r  t o  show 

t h a t  the i n c r e a s e  i n  en t ropy  a c r o s s  t h e  shock f r o n t  can be shown on a 

They are so  u s e f u l  
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p l o t  of t he  p r e s s u r e  vs t h e  volume. 

The shock wave concept is  conc i se ly  i l l u s t r a t e d  by c o n s i d e r a t i o n  

p1 , of t h e  fol lowing i d e a l i z e d  s i t u a t i o n .  Suppose a uniform p r e s s u r e ,  

i s  suddenly a p p l i e d  t o  t h e  e n t i r e  s u r f a c e  of a t h i c k  s l a b  of a compress- 

i b l e  material, as shown i n  Figure 1. The s i g n a l  t h a t  t h i s  p r e s s u r e  has  

been app l i ed  i s  t r a n s m i t t e d  t o  t h e  i n t e r i o r  of the s l a b  by means of a 

stress wave. The material under shaded area i s  suddenly compressed t o  

a p r e s s u r e ,  P1. 

i n c r e a s i n g  p res su re ,  t h a t  i s  t o  say i f  t he  material behaves normally i n  

I f  t h e  compress ib i l i t y  of t h e  material dec reases  with 

compression l i k e  most s o l i d  material, t h e  wave f r o n t  S w i l l  be  essen-  

t i a l l y  a d i s c o n t i n u i t y  i n  stress, d e n s i t y ,  material  v e l o c i t y ,  and 

i n t e r n a l  energy. The stress wave t r a v e l s  a t  supe r son ic  v e l o c i t y ,  w i t h  

r e s p e c t  t o  the  undis turbed m a t e r i a l  ahead of i t .  Only a t  t h e  l i m i t  as 

P approaches ze ro  does i t s  v e l o c i t y  become son ic .  Except i n  t h e  son ic  

l i m i t ,  S i s  c a l l e d  a shock f r o n t .  

1 

I f  t h e  p r e s s u r e  P remains c o n s t a n t  during the  t i m e  of obse rva t ion ,  1 

1’ t h e  v a r i a b l e s  c h a r a c t e r i z i n g  the shocked m a t e r i a l  i nc lud ing  stress P 

d e n s i t y  p i n t e r n a l  energy E and material  v e l o c i t y  u are cons t an t  

between the  boundary B and the  shock f r o n t  S. 

1’ 1’ 1’ 

The r e l a t i o n s  between 

t h e s e  v a r i a b l e s  and t h e i r  values i n  t h e  undis turbed material  ahead e f  

S can be desc r ibed  by t h e  Rankine-Hugoniot jump c o n d i t i o n s ,  o r  simply 

jump c o n d i t i o n s ,  supplemented by an  equa t ion  of s t a t e  f o r  t he  material. 

These jump cond i t ions  are t h e  equa t ions  expres s ing  t h e  p r i n c i p l e s  of 

t h e  conse rva t ion  of mass, of momentum and of energy a c r o s s  the shock 

f r o n t .  They may be de r ived  d i r e c t l y  from t h e  equa t ions  f o r  hydrodynamic 

flow ( 4 ) .  The jump cond i t ions  may be shown t o  hold f o r  any geometry, 

independent of t h e  cu rva tu re  of t h e  shock f r o n t  ( 5 ) ;  hence a d e r i v a t i o n  
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of t h e  jump cond i t ions  d i r e c t l y  from the  conse rva t ion  p r i n c i p l e s  w i l l  

be given f o r  a plane f r o n t .  

dynamic e q u i l i b r i u m  e x i s t s  i n  both t h e  compressed and the undis turbed 

material. 

It i s  a l s o  necessa ry  t o  assume t h a t  thermo- 

To d e r i v e  t h e  r e l a t i o n  f o r  t h e  conse rva t ion  of mass, consider  a 

tube  of material a long  t h e  d i r e c t i o n  of flow and w i t h  u n i t  c r o s s -  

s e c t i o n a l  area normal t o  the  d i r e c t i o n  of wave propagat ion.  The tube 

i s  shown by ABCD i n  F igu re  2 .  

ends i n  t h e  uncompressed m a t e r i a l .  The p r i n c i p l e  of conse rva t ion  of 

mass i s  expressed by observing t h a t  i n  a s h o r t  pe r iod  of t i m e ,  d t ,  t h e  

shock f r o n t  S travels a d i s t a n c e  Udt, wh i l e  t h e  material which was 

i n i t i a l l y  a t  t h e  p l ane ,  S, has  t r a v e l e d  only a d i s t a n c e  u d t .  During 

t h i s  flow, the  material of mass poUdt, which is  encompassed by the  shock 

d u r i n g  t h e  t i m e  i n t e r v a l ,  d t ,  h a s  been compressed i n t o  a space (U-u ) d t  

a t  a d e n s i t y  p Since m a s s  i s  conserved, t h e  fol lowing r e l a t i o n  must 

follow: 

It s t a r t s  i n  t h e  compressed material and 

1 

1 

1' 

P0U = pl(U-ul) - (1) 

The equa t ion  expres s ing  t h e  p r i n c i p l e  of conse rva t ion  of momentum 

a c r o s s  t h e  shock f r o n t  i s  obtained by r e f e r e n c e  t o  the same r e a c t a n g l e .  

The f o r c e  a c t i n g  on t h e  m a t e r i a l  contained i n  t h e  tube ABCD of u n i t  

c r o s s - s e c t i o n a i  area is ,  i i - o m  ehe left B C ~ G S S  the plane AD i n  t h e  shock 

s t a t e ,  P l y  and from t h e  r i g h t  Po, which i s  the  ambient p r e s s u r e ,  

n e t  f o r c e  a c r o s s  the  u n i t  a r ea  i s  P -P t o  t he  r i g h t .  I n  t h e  t i m e  

i n t e r v a l ,  d t ,  t h e  m a s s  of the material encompassed by t h e  shock i s  

1' poUdt, and t h i s  much mass i s  a c c e l e r a t e d  from r e s t  t o  a v e l o c i t y  of u 

The i n c r e a s e  i n  momentum of t h e  system i s  then  p Uu d t ,  and t h e  r a t e  of 

The 

1 0  

0 1  
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Fig .  1. Shock Wave i n  a S lab  of a 
Compressible Material. 
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change of momentum i s  given by d i v i d i n g  by t h e  t i m e  i n t e r v a l ,  d t ;  thus 

t h e  fol lowing equa t ion  fol lows:  

P1 - Po = p0uu1 

The expres s ion  f o r  t h e  p r i n c i p l e  of 

t h e  shock f r o n t  i s  obtained i n  a s i m i l a r  

d i s t a n c e  uldt  during'  t h e  t i m e  d t ,  so  t h e  

t h e  tube  of u n i t  c r o s s - s e c t i o n a l  area i s  

must be equa l  t o  t h e  sum of t h e  i n c r e a s e  

conse rva t ion  of energy a c r o s s  

way. The p l ane  AD advances a 

work done on mass contained i n  

P1uldt. Th i s  amount of work 

of k i n e t i c  and i n t e r n a l  energy 

2 The i n c r e a s e  i n  k i n e t i c  energy i s  equa l  t o  S(poUdt)ul 

1 0 0  1 0 

of  t h e  system. 

and t h e  i n c r e a s  i n  i n t e r n a l  energy is  (E 

are  s p e c i f i c  i n t e r n a l  energy of shocked and unshocked material, respec-  

t i v e l y .  

g i v e s  the  energy equa t ion  ac ross  t h e  shock f r o n t .  

- E ) p Udt, where E and E 

Equating the work done t o  t h e  g a i n  i n  energy of t h e  system 

( 3) 
2 P u = kp0Uu1 + poU(E1 - Eo) 1 1  

Combining Equations 1 t o  3,  t o  e l i m i n a t e  U and u y i e l d s  the Rankine- 

Hugoniot re la  t i o n .  

1' 

- E 0 = f ( V o  - V1) (P1 + Po) ( 4 )  

Where V 5 l / p  i s  t h e  s p e c i f i c  volume of t h e  material .  It i s  worth- 

wh i l e  t o  note  t h a t  Equat ion 4 

a b l e s  of t he  material ahead of t h e  shock f r o n t  and behind t h e  shock 

f r o n t .  Equations 1, 2 ,  and e i t h e r  3 o r  4 are t h e  jump cond i t ions  which 

must be s a t i s f i e d  by material parameters  on t h e  two s i d e s  of t h e  shock 

f r o n t .  A r a t h e r  d e t a i l e d  d e r i v a t i o n  f o r  t h e  above equa t ions  can be 

found i n  Courant and F r e i d r i c h ' s  book ( 6 ) .  

c o r r e l a t e s  only t h e  thermodynamic v a r i -  

When t h e  shock t r a n s i t i o n ,  shock f r o n t ,  or  simply shock, connects 
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a uniform, undis turbed s t a t e  with a uniform shocked s t a t e ,  a s  i n  t h e  

case  j u s t  desc r ibed ,  i t  can be p r e c i s e l y  de f ined .  I n  co -o rd ina te s  f i x e d  

wi th  r e s p e c t  t o  t h e  shock f r o n t  t he  t r a n s i t i o n  zone i s  the r eg ion  between 

two uniform, moving thermodynamic states of the medium. M a t e r i a l  i s  

flowing i n t o  t h e  t r a n s i t i o n  r eg ion  a t  supersonic  v e l o c i t y  and ou t  a t  

subsonic  v e l o c i t y .  

While t h i s  d e f i n i t i o n  i s  e s s e n t i a l  t o  understanding the  b a s i c  

phys i ca l  n a t u r e  of t h e  shock t r a n s i t i o n ,  t h e  conceptual r e a l i z a t i o n  of 

two uniform states,  connected by a s t eady  t r a n s i t i o n ,  i s  hard t o  achieve.  

For t h i s  reason,  t h e  meaning of t h e  word "shock" i s  extended t o  inc lude  

cases  where stress and d e n s i t y  change a b r u p t l y  from one va lue  t o  a n o t h e r ,  

even though one o r  both of t h e  connected s t a t e s  may be changing wi th  

t i m e  (7 ) .  These waves may b e  c a l l e d  "non-uniform" shock waves, and a 

t y p i c a l  p r o f i l e  i s  shown i n  Figure 3. 

i s  s t eady  b u t  r e g i o n  I11 is  not .  The boundary, A ,  between I1 and III 

i s  changing wi th  t i m e  because r eg ion  111 c o n s i s t s  of a r e l i e f  or  expan- 

s i o n  wave which propagates  a t  a h ighe r  speed than the  shock i n  r eg ion  

I1 (8). The s ta te  a t  A d i f f e r s ,  i n  g e n e r a l ,  from t h a t  which would 

o b t a i n  i f  I11 were a uniform s ta te .  It i s  customary t o  say t h a t  s t a t e s  

A and I are connected by a shock t r a n s i t i o n  al though t h i s  i s  n o t  pre-  

c i s e l y  t r u e .  

of t h e  magnitude of t h e  pressure g r a d i e n t  i n  r eg ion  I1 t o  t h a t  i n  

I n  t h e  i l l u s t r a t i o n ,  r eg ion  I 

The accuracy of t h e  approximation i n c r e a s e s  as  t h e  r a t i o  

r e g i o n  I11 i n c r e a s e s ,  becoming e x a c t  when t h e  t r a n s i t i o n  i s  d i scon t inu -  

ous. 

Thermodynamic Considerat  ions of t h e  Shock F ron t  

I n  t h e  fol lowing paragraphs a b r i e f  d i s c u s s i o n  of t h e  thermodynamics 
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of t h e  shock t r a n s i t i o n  w i l l  be given. The shock t r a n s i t i o n  imparts  

both k i n e t i c  and i n t e r n a l  energy t o  t h e  material through which i t  propa- 

g a t e s .  Furthermore, i r r e v e r s i b l e  work i s  done on t h e  material as i t  

passes  through t h e  shock f r o n t .  This  can be r e a d i l y  shown by u s i n g  t h e  

Rankine-Hugoniot r e l a t i o n ,  Equation 4. Consider two shock waves propa- 

g a t i n g  through two s e p a r a t e  specimens of t h e  same material .  One shock 

h a s  a p r e s s u r e ,  Ply and t h e  other  has  a p r e s s u r e ,  PI  + dP1. 

supposed t o  be propagat ing i n t o  material i n  the same s t a t e ,  (Po,Vo) 

Then t h e  d i f f e r e n c e  i n  s p e c i f i c  i n t e r n a l  e n e r g i e s  behind t h e  two shock 

f r o n t s  is found by d i f f e r e n t i a t i n g  Equation 4 :  

Each i s  

Since both s ta tes  a r e  assumed t o  be i n  thermodynamic equ i l ib r ium,  t h e  

change of entropy may be c a l c u l a t e d  from the  combined f i r s t  and second 

laws of thermodynamics: 

TldSl = dE1 + P 1 1  dV ( 6 )  * 

S u b s t i t u t e  dE1 from Equation 5 i n t o  6,  

I n  o rde r  t o  convert  Equation 7 i n t o  a more convenient from f o r  d i scus -  

s i o n ,  t h e  fol lowing two r e l a t i o n s  a r e  introduced 

2 dpl c2 1 = v1 -q 

and 

2 (u - u1)2 = V1(P1 - p 0 )No - vl> 

The l a t t e r  r e l a t i o n  may be obtained by combining Equations 1 and 2 .  
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Equation 8 may b e  r e w r i t t e n  as  

The fol lowing r e l a t i o n  follows from Equat ion 9,  

S u b s t i t u t i o n  of Equation 10 and 11 i n t o  Equation 7 y i e l d s  

u - u , 2  

The locus  of a l l  s ta tes  (P V ) which can be ob ta ined  by a shock 1' 1 

t r a n s i t i o n  from a n  i n i t i a l  s t a t e  (P ,V ) i s  c a l l e d  t h e  Rankine-Hugoniot 

curve.  Sometimes i t  i s  c a l l e d  R-H curve.  Since t h i s  curve i s  concave 

0 0  

upward, as shown i n  F i g .  4, i t  i s  c l e a r  from Equat ions 10, 11 and 1 2  

2 2  t h a t  dS1>O. 1 

of the  Rayleigh l i n e  which i s  def ined as t h e  chord drawn between (P ,Vo) 

and (P ,V ) , d iv ided  by the  tangent  t o  t h e  curve a t  (P 

(P ,V ) i s  an a r b i t r a r y  p o i n t  on t h e  R-H curve,  t h e  entropy,  S ,  i n c r e a s e s  1 1  

monotonically wi th  p r e s s u r e ,  P1, and consequently,  t he  R-H curve l i es  

above t h e  a d i a b a t  pas s ing  through t h e  i n i t i a l  s t a t e ,  as shown i n  F i g .  4 .  

The r a t i O  (U - u,,) /C i s  t h e  a b s o l u t e  va lue  f o r  t h e  s l o p e  

0 

V ) . Since 1 1  1' 1 

The two curves have t h e  same s lope  and cu rva tu re  a t  t he  i n i t i a l  s ta te  A .  

It i s  a l s o  a s t r a i g h t f o r w a r d ,  t'neriuotyliziii2.c c l a c u l a t i n n  t o  show t h a t  

t h e  entropy change i s  t h e  t h i r d  o rde r  i n  compression (9):  

3 2 
(V1 - vo) + ----- 1 

__I u 
( 2) 

- 

av So J0 
'1 - '0 12To 

Where S and T a re  the  entropy and temperature of t he  i n i t i a l  s t a t e ,  

An expression,  i n  c losed  form, f o r  Equation 13 may be obtained i f  an  

0 0 
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Fig .  3.  P r o f i l e  of a Nonuniform Shock. 

P 

F i g .  4 .  Comparison of Hugoniot Curve and Adiabat.  
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equa t ion  of state i s  given (10). 

Equations of S t a t e  

Bethe has  shown t h a t  t h e  equat ions f o r  t h e , p r o p a g a t i o n  of shock' 

may be solved provided an equat ion of s ta te  i s  known f o r  t h e  p r e s s u r e  

range and provided t h e  fol lowing t h r e e  c o n d i t i o n s  are s a t i s f i e d .  

3 

2 .  V@) > -2 ,  bEv 

I n  t h e s e  expres s ions  P i s  t h e  p r e s s u r e ,  V t he  s p e c i f i c  volume, E t h e  

s p e c i f i c  i n t e r n a l  energy, and S i s  t h e  entropy.  It w a s  observed t h a t  

t h e s e  t h r e e  c o n d i t i o n s  are s a t i s f i e d  f o r  a l l  known materials which do 

n o t  undergo a change of phase over t h e  p r e s s u r e  range a s s o c i a t e d  wi th  

t h e  shock wave under i n v e s t i g a t i o n .  

The Equation of S t a t e  f o r  Aluminum 

The equa t ion  of s t a t e  f o r  aluminum was a composite fr6m v a r i o u s  

pub l i shed  d a t a  t h a t  was-prepared by M r .  B .  A. Sodek. It w a s  found t o  

g ive  s a t i s f a c t o r y  r e s u l t s  f o r  c a l c u l a t i o n  on t h e  propagat ion of a shock 

through a f l u i d  when t h e  hydrodynamic flow equa t ions  were used. 

. 
Since 

t h e  s o l u t i o n  of t h e  hydrodynamic flow equa t ions  are found wi th  a d i g i t a l  

computer, i t  i s  p o s s i b l e  t o  express  t h e  e q q t i o n  of s t a t e  f o r  t h e  whole 

range of p r e s s u r e s  a s s o c i a t e d  w i t h  t h e  shock wave. Seve ra l  d i f f e r e n t  

equa t ions ,  each of which i s  good f o r  a c e r t a i n  range,  a r e  combined t o  



cover t h e  whole p r e s s u r e  range of the shock. 

The equat ion of s t a t e  f o r  aluminum, i n  t h e  Mie-Gruneisen form, i s  

P - Ph = py(e - Eh) 

where P i s  t h e  p r e s s u r e ,  p is t h e  d e n s i t y ,  and e i s  the  s p e c i f i c  i n t e r n a l  

energy. The p r e s s u r e ,  Ph, and the s p e c i f i c  i n t e r n a l  energy, ch,  are  

known func t ions  of t h e  s p e c i f i c  volumes over t he  p r e s s u r e  range, f o r  

which t h e  Hugoniot curve f o r  the material  i s  known. The symbol y i s  

c a l l e d  t h e  Gruneisen r a t i o .  It i s  a func t ion  only of t h e  s p e c i f i c  

volume; t h u s ,  t he  Mie-Gruneisen equa t ion  i s  a complete thermodynamic 

d e s c r i p t i o n  of a P ,  V ,  e equat ion of s t a t e  f o r  t h e  material. 

For computations on a computer, t h e  Hugoniot curve i n  t h i s  r e p o r t  

w a s  d iv ided  i n t o  t h r e e  p re s su re  r anges .  It was cons t ruc t ed  by us ing  

t h e  publ ished experimental  da t a  of Walsh, e t .  a l . ,  (11,121 i n  t h e  

p r e s s u r e  range up t o  1 Megabar, t h e  publ ished d a t a  of t h e  Thomas-Fermi 

s t a t i s t i c a l  model f o r  p re s su re  r ange  above 20 Megabars, and a n  i n t e r -  

p o l a t i o n  f o r  t h e  range between 1 Megabar and 20 Megabars. An e f f o r t  

was made t o  f i t  t h e  p r e s s u r e  da t a  f o r  t he  Hugoniot curve t o  t h r e e  ana- 

l y t i c a l  equa t ions  of t he  form, Ph = Ap + Bp, 

nomial A, By and C are cons t an t s  which are  determined by the  shape of 

t h e  Hugoniot curve.  

w i th  Vo and p 

i t s  uns t r a ined  s ta te .  I n  order t o  be a b l e  t o  use  t h e  same a n a l y t i c a l  

2 3 + Cp, I n  t h e  cub ic  poly- 

vO 
The v a r i a b l e ,  p, = (- - 1) = (e - l),  i s  def ined 

PO 
v 

as  t h e  s p e c i f i c  volume and the  d e n s i t y  o f  aluminum i n  
0 

form f o r  t he  complete p re s su re  range,  t h r e e  d i f f e r e n t  sets of c o n s t a n t s ,  

A ,  B .  and C are needed i n  the t h r e e  s e p a r a t e  ranges.  The v a l u e s  f o r  

t h e  c o n s t a n t s  A ,  B y  and C and t h e  s p e c i f i c  volume ranges i n  which they 

are v a l i d  are  l i s t e d  i n  Table I. The Gruneisen r a t i o ,  y i n  Equation 14, 



1 5  

TABLE I 

CONSTANTS FOR THE HUGONIOT OF ALUMINUM 

Pres sure 
(in megabars) 

1 . 0  to .650 765.0 1659.0 428.0 0 t o  1.000 

.650 t o  .518 1150.1  -851.9 3398.0 1.000 t o  3.570 

.518 t o  .300 -2194.2 4034.7 2604.3 3.570 to 52.000 

A B C 
v m O  

TABLE I1 

CONSTANTS FOR GRUNEISE ' S RATIO 

Pressure 
(in megabars) 

C a b v No VO 

1.0 to .650 2 .130 -5.193 12.098 12.550 0 to 1.000 

.650 to .518 2.000 -4.513 6.800 -3.780 1.000 to 3.570 

.518 to .300 1 .590  -1.355 .439 .0404 3.570 t o  52.000 
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i s  regarded as  a func t ion  of t he  s p e c i f i c  volume. 

mated by a cub ic  polynomial of the form, y = y + a p  + bp + cp  . The 

c o e f f i c i e n t s  y a ,  b and c are eva lua ted  i n  t h e  t h r e e  p r e s s u r e  ranges 

correspond t o  those  r anges ,  i n  which A ,  B,  and C are v a l i d .  The v a l u e s  

are l i s t e d  i n  Table 11. 

It w a s  a l s o  approxi-  

2 3 
0 

0 ,  

The Equation of S t a t e  f o r  I ron  

The equa t ion  of state f o r  i r o n  was taken from t h e  publ ished d a t a  

of R. L. Bjork (13). The equat ion has  t h e  fol lowing form: 

The symbols i n  t h e  above equat ion a re  l i s t e d  below. 

P = p r e s s u r e  

p = d e n s i t y  

3 3 = 7.86 megagram/m = normal d e n s i t y  of i r o n  = 7.86 gm/cm 
PO 

E = s p e c i f i c  i n t e r n a l  energy 

e = E p  
0 

p = PIPo - 1. 

The v a l u e s  f o r  the c o n s t a n t s  i n  t h e  above equat ion are l i s t e d  below: 

4 

4 

a1 = 7,780 x 10 

a = 31.18 x 10 

b = 959.1 

bl = 1568 

2 

0 

b2 = 463.4 

c = 0.3984 
0 
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c = 0.5306 1 

e = 900 
0 

The u n i t s  used i n  t h e  above equat ion a r e  of meter, megagram and second. 

Fundamental Equations of Hydrodynamic Flow 

The p res su res  r e s u l t i n g  from hyperve loc i ty  impact are of such a 

tremendously l a r g e  v a l u e  t h a t  the y i e l d  s t r e n g t h  of the material i s  

n e g l i b i b l y  small compared t o  t h e  stresses i n  the  m a t e r i a l .  Since t h e  

r i g i d i t y  of t he  material involved is  of l i t t l e  s i g n i f i c a n c e ,  t h e  motion 

of t h e  material can be adequately descr ibed by t h e  p a r t i a l  d i f f e r e n t i a l  

equa t ions  governing t h e  hydrodynamic flow of a compressible f l u i d .  

A s  s t a t e d  by Courant anf  F r i e d r i c h s  (14), t h e  fol lowing system of 

p a r t i a l  d i f f e r e n t i a l  equa t ions  and cond i t ions  are needed t o  g ive  a 

complete d e s c r i p t i o n  of the  motion of t h e  f l u i d  except  where a shock 

f r o n t  e x i s t s .  

1. The d i f f e r e n t i a l  equat ion expres s ing  the  p r i n c i p l e  of conserva- 

t i o n  of mass which i s  o f t e n  c a l l e d  t h e  c o n t i n u i t y  equa t ion .  

2 .  The d i f f e r e n t i a l  equat ion expres s ing  t h e  p r i n c i p l e  of conserva- 

t i o n  of momentum, which i s  the  equa t ion  of motion. 

3 .  The d i f f e r e n t i a l  equat ion expres s ing  t h e  p r i n c i p l e  of conserva- 

t i o n  of energy. 

4 .  The c o n d i t i o n  t h a t  an equa t ion  o f  s ta te  of t he  f l u i d  medium i n  

the  p r e s s u r e  range under study i s  a v a i l a b l e .  

5. The c o n d i t i o n  t h a t  t h e  change of s ta te  of t h e  f l u i d  medium i s  

a d i a b a t i c  except  a t  t h e  shock f r o n t .  

The d i f f e r e n t i a l  equat ions and c o n d i t i o n s  l i s t e d  above, t oge the r  

w i t h  the  i n i t i a l  and boundary cond i t ions  determine t h e  s o l u t i o n  t o  the  
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problem under cons ide ra t ion .  

The d i f f e r e n t i a l  equa t ions  which d e s c r i b e  t h e  f l u i d  motion are 

u s u a l l y  w r i t t e n  i n  e i t h e r  Eu le r i an ,  or  Lagrangean form. 

form, t h e  independent space v a r i a b l e s  r e f e r  t o  the c o o r d i n a t e s  system 

t h a t  i s  f i x e d  i n  space and through which t h e  f l u i d  moves. The p h y s i c a l  

q u a n t i t i e s  o f  i n t e r e s t ,  such as d e n s i t y ,  flow v e l o c i t y ,  s p a c i f i c  energy, 

and p res su re ,  are  f u n c t i o n s  of a space v a r i a b l e  and t h e  t i m e  t .  I n  the  

Lagragean form, the  independent space v a r i a b l e  r e f e r s  t o  a coord ina te s  

system t h a t  i s  f i x e d  i n  t h e  moving f l u i d  and t h a t  i s  undergoing t h e  

motion of the f l u i d .  With t h i s  coord ina te  system, each s e l e c t e d  small 

volume of the f l u i d  i s  permanently i d e n t i f i e d  by i t s  Lagrangean var i -  

a b l e s ,  wh i l e  t h e  a c t u a l  p o s i t i o n  i n  space i s  a dependent v a r i a b l e  which 

i s  found from the  s o l u t i o n .  It i s  p o s s i b l e  t o  o b t a i n  t h e  d i f f e r e n t i a l  

equa t ions  f o r  hydrodynamic flow i n  e i t h e r  t h e  E u l e r i a n ,  o r  t h e  Lagragean 

form. I n  t h i s  r e p o r t  t h e  Eu le r i an  form is  d i scussed .  I n  t h e  fol lowing 

paragraphs,  t h e  fundamental, Eu le r i an  equat ions of hydrodynamic flow 

are l i s t e d .  

I n  t h e  E u l e r i a n  

A 
L e t  X(x,y,z) denote  t h e  p o s i t i o n  vec to r  i n  a C a r t e s i a n  coord ina te  

system. The p r o p e r t i e s  of t h e  f l u i d  medium are  c h a r a c t e r i z e d  by t h e  

d e n s i t y ,  p = p ( X , t ) ;  t h e  flow v e l o c i t y ,  u = u ( X , t ) ;  t h e  s p e c i f i c  i n -  

t e r n a l  energy e = s ( X , t ) ;  and the  p r e s s u r e  p = p(X,t) .  

i s  made t h a t  a l l  body f o r c e s  a r e  n e g l i g i b l e .  These f o r c e s  inc lude  

g r a v i t y ,  h e a t  conduction, v i s c o s i t y  and energy sources .  With these  

d e f i n i t i o n s  and r e s t r i c t i o n s ,  the p r i n c i p l e  of t h e  conse rva t ion  of 

mass i s  expressed by the following equat ion,  which i s  a l s o  c a l l e d  t h e  

c o n t i n u i t y  equa t ion :  

2 A 

2 A 
The assumption 
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The principle of conservat ion of momentum i s  expressed by 

A 

p $ + p + v u =  - VP 

The p r i n c i p l e  of conse rva t ion  of energy i s  expressed by 

(17) - & +  p G - V s  - - p v ' u  a t  
-. 

I n  a problem of s p h e r i c a l  symmetry, the dependent v a r i a b l e s  p ( X , t ) ,  

u(?,t) ,  p(?i,t) and 

and t h e  t i m e ,  t .  

u ( r , t ) ,  p ( r , t )  and c ( r , t ) .  The Equat ions 15, 16, and 17  then t ake  

r e s p e c t i v e l y  t h e  fol lowing forms: 

(2,t) a r e  func t ions  of t h e  r a d i a l  d i s t a n c e ,  r ,  

They can  b e  r ep resen ted  r e s p e c t i v e l y  by p ( r , t ) ,  

and 

To o b t a i n  rnumerical s o l u t i o n s  w i t h  t h e  l a r g e  computers, i t  i s  d e s i r a b l e  

t o  convert  Equat ions 18, 19 and 20 i n t o  dimensionless  equa t ions .  

Eqciatloi; 18 r ~ y  be revr i t ten  as 

which i s  e q u i v a l e n t  t o  
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Equation 19 may be r e w r i t t e n  as  

By adding L@ t o  both s i d e s  of t h i s  equat ion,  t h e  fol lowing equa t ion  

fol lows:  

a t  

By s u b s t i t u t i o n  of Equation 21 i n t o  t h i s  equa t ion ,  t h e  fo l lowing  equa t ion  

is  found. 

Th i s  equa t ion  may be r e w r i t t e n  a s  

F i n a l l y ,  Equation 20 can be r e w r i t t e n  as 

Adding & t o  both s i d e s  of the above equa t ion  g i v e s  t h e  fo l lowing  

equat ion:  
a t  

S u b s t i t u t i o n  of he from Equation 21 i n t o  the  above equa t ion  l e a d s  t o  

t h e  equa t ion  below , 
a t  

which may be r e w r i t t e n  as, 
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Equat ions 21, 22 and 23 are i n  convenient forms t o  change i n t o  dimension- 

less equa t ions .  

The A r t i f i c i a l  D i s s i p a t i v e  Mechanism 

A t  the shock f r o n t ,  t h e  d e n s i t y ,  flow v e l o c i t y ,  s p e c i f i c  energy,  

and the p res su re  are a l l  d i scon t inuous .  A t  t h e  shock f r o n t ,  t h e  d i f -  

f e r e n t i a l  equa t ions  must be replaced by t h e  Rankine-Hugoniot jump 

c o n d i t i o n s ,  which serve as  i n t e r n a l  boundary cond i t ions  i n  such a way 

t h a t  t h e  cond i t ions  of t h e  f l u i d  on t h e  two s i d e s ,  behind and i n  f r o n t ,  

of t h e  shock f r o n t  a r e  r e l a t e d .  These r e l a t i o n s  provide s u f f i c i e n t  

c o n d i t i o n s  t o  re la te  t h e  d i f f e r e n t i a l  equa t ions  on both s i d e s  of t h e  

shock f r o n t  (15). The a p p l i c a t i o n  of t h e  jump c o n d i t i o n s ,  as i n t e r n a l  

boundary cond i t ions  i n  so lv ing  the problem of shock propagat ion,  i s  

known as shock f i t t i n g .  The process  i s  r e a l l y  a complicated,  i t e r a t i v e ,  

t r i a l - a n d - e r r o r  method. A r a t h e r  d e t a i l e d  d i s c u s s i o n  f o r  f e a s i b l e  

examples t o  use t h e  shock f i t t i n g  method w a s  given by Richtmyer (16) .  

I n  o rde r  t o  avo id  u s m g  t h e  shock f i t t i n g  method, von Neumann and 

Richtmyer (3) devised an approximate method which i s  p r i m a r i l y  f o r  

computer c a l c u l a t i o n s .  Th i s  method au tomat i ca l ly  c a l c u l a t e s  a c r o s s  

the shock f r o n t  f o r  hydrodynamic flow problems, wherever tney occur 

The e s sence  of t h e  method i s  t o  r e p l a c e  t h e  Hugoniot jump cond i t ions  

i n  the  c a l c u l a t i o n s ,  w i t h  a n  a r t i f i c i a l  d i s s i p a t i v e  mechanism. Typ ica l ,  

n a t u r a l l y - o c c u r r i n g  d i s s i p a t i v e  mechanisms are  v i s c o s i t y  and hea t  con- 

duc t ion ,  which c h a r a c t e r i z e  a rea l  f l u i d .  The e f f e c t s  of t h e  a r t i -  

f i c i a l  d i s s i p a t i v e  mechanism a r e  t o  tend t o  smooth t h e  shocks,  s o  t ha t  
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t he  s u r f a c e  of d i s c o n t i n u i t y ,  a c r o s s  which the  phys ica l  q u a n t i t i e s  of 

i n t e r e s t  are discont inuous,  i s  r ep laced  by a t h i n  t r a n s i t i o n  l a y e r  i n  

which t h e  p h y s i c a l  q u a n t i t i e s  of i n t e r e s t  change a b r u p t l y ,  b u t  cont inu-  

ously.  With t h e  inco rpora t ion  of t h e  a r t i f i c i a l  d i s s i p a t i v e  mechanism, 

o r  pseudo-viscosi ty ,  t he  d i f f e r e n t i a l  equa t ions  d e s c r i b e  t h e  motion of 

t h e  hydrodynamic flow i n  t h e  t r a n s i t i o n  l a y e r  as w e l l  as elsewhere i n  

t h e  flow. By in t roduc ing  t h e  a r t i f i c i a l  d i s s i p a t i v e  mechanism, the need 

t o  apply internal  boundary cond i t ions  i s  avoided. The Rankine-Hugoniot 

cond i t ions  s t i l l  remain t r u e  ac ross  t h e  t r a n s i t i o n  l a y e r ,  which r e a l l y  

i s  a widened shock f r o n t .  The cond i t ions  r equ i r ed  t o  s e l e c t  a s u i t a b l e  

a r t i f i c i a l  d i s s i p a t i v e  term a r e  l i s t e d  below: 

1. The i n t r o d u c t i o n  of the a r t i f i c i a l  pseudo-viscous t e r m  i n  t h e  

momentum and energy equa t ions  must have a n e g l i g i b l e  e f f e c t  on the  

s o l u t i o n s  of t h e  hydrodynamic f l o w  problem everywhere except  a c r o s s  the  

t r a n s i t i o n  l a y e r .  

2 .  The Rankine-Hugoniot jump cond i t ions  must remain t r u e  a c r o s s  

t h e  t r a n s i t i o n  l a y e r ,  s o t h e  hydrodynamic flow equa t ions  have s o l u t i o n s  

wi thou t  any d i s c o n t i n u i t i e s .  

3.  The th i ckness  of t h e  t r a n s i t i o n  l a y e r  must be independent of 

t h e  shock s t r e n g t h  and of t h e  s t a t e  of t h e  material i n t o  which t h e  

shock i s  moving. 

Various forms may and have been employed f o r  t h e  a r t i f i c i a l  pseudo- 

v i s c o s i t y  t e r m ,  which i s  designated by Q. The s p e c i f i c  form of the 

damping t e r m  i s  no t  important s i n c e  i t  in t roduces  a pseudo-damping 

e f f e c t  t o  c o n t r o l  the computer introduced o s c i l l a t i o n s .  A f t e r  t r i a l s  

by many i n v e s t i g a t o r s ,  one of t he  most u s e f u l  forms i s  
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This form f o r  t he  Q - t e r m  was suggested by Richtmyer ( 1 7 ) .  This  form 

produces damping t h a t  i s  p ropor t iona l  t o  t h e  square of t h e  v e l o c i t y  

g r a d i e n t .  This  i s  d e s i r a b l e  for  i t  qu ick ly  damps the  computer gener- 

a t e d  o s c i a l l a t i o n s .  The use of t h e  a b s o l u t e  va lue  on one g r a d i e n t  i s  

necessary t o  damp ou t  both i n c r e a s i n g  and dec reas ing  v e l o c i t y  g r a d i e n t s .  

Dimensionless D i f f e r e n t i a l  Equations 

I n  o rde r  t h a t  t h e  numerical v a l u e s  of t h e  v a r i a b l e s  w i l l  be w i t h i n  

t h e  numerical range of t h e  d i g i t a l  computer, a l l  of t h e  v a r i a b l e s  are  

s c a l e d .  A dimensionless  form of t h e  hydrodynamic flow equa t ions  would 

a l s o  be h igh ly  d e s i r a b l e  t o  permit easy s c a l i n g  of problems f o r  d i f -  

f e r e n t  i n i t i a l  v a l u e s .  

L e t  D,  U, E,  P,  T ,  and R denote t h e  d e n s i t y ,  flow v e l o c i t y ,  s p e c i f i c  

i n t e r n a l  energy, p r e s s u r e ,  time, and r a d i a l  d i s t a n c e ,  r e s p e c t i v e l y ,  i n  

t h e  dimensionless hydrodynamic flow equa t ions .  The Equations 21,  22 

and 23 are  made dimensionless  a s  shown i n  t h e  fol lowing t a b l e .  

P = POD. 

u = c u .  

e = e E .  

0 

0 

P = POP. 

t = toT.  

r = r R .  
0 

t and r a re  t h e  s c a l i n g  f a c t o r s  I n  t h e s e  r e l a t i o n s ,  po,  C o y  eo, po, 

f o r  each v a r i a b l e ,  as  i n d i c a t e d .  The s u b s t i t u t i o n  of t h e  r e l a t i o n s  i n  

24, 25, 28 and 29 i n t o  Equation 2 1  y i e l d s  t h e  fol lowing equat ions:  

0 0 
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which may be r e w r i t t e n  a s  

By s u b s t i t u t i n g  t h e  r e l a t i o n s  i n  24, 25, 27, 28 aud 29 i n t o  Equation 

22, t h e  fol lowing equa t ion  is  obtained.  

This may be r e w r i t t e n  as 

For t h e  energy equa t ion ,  Equation 23, t h e  s u b s t i t u t i o n  of t h e  r e l a t i o n s  

i n  24, t o  29 g ives  t h e  following: 

2 2  2 2  
a ( r o R  CoU) ; i(roR poDCoUeoE) 

+ I 1 a ( poDeoE) - - - -  
p (too r R  2 2 rpop a ( r o R )  a (row 

0 

S i m p l i f i c a t i o n  of the above equat ion g ives  

I n  o rde r  t o  make Equations 30, 31 and 32 dimensionless i t  i s  

necessa ry  t o  employ t h e  following r e l a t i o n s  between t h e  s c a l i n g  f a c t o r s ,  

p,, C o ,  eo, p,, t and ro. These are:  
0 

1, 
Cote - =  
r 
0 

( 3 3 )  

2 - COY 
PO 

PO 

- -  ( 34) 



and 

1. PO 

poco 
- =  (35) 

The v a l u e s  f o r  t h e  v a r i a b l e s  i n  t h e  flow equa t ions  may be confined 

t o  almost any d e s i r e d  range by the s e l e c t i o n  of s c a l i n g  f a c t o r s  t h a t  

s a t i s f y  Equations 3 3 ,  34 and 35 .  For i l l u s t r a t i o n ,  a set o f  s c a l i n g  

f a c t o r s  t h a t  have been found t o  be s a t i s f a c t o r y  are s e l e c t e d  i n  the  

fol lowing manner. The s e l e c t e d  v a l u e s  are c e r t a i n l y  not unique. Choose 

t h e  d e n s i t y ,  po, t o  be the  value f o r  aluminum under s t anda rd  cond i t ions ;  

i . e .  , 3 = 2 . 7 8 5  grams p e r  cm . Choose t h e  r e f e r e n c e  p r e s s u r e  t o  be 
PO 

= 1 k i l o b a r .  Then co and eo are determined by Equations 34 and 3 5 .  PO 

Choose some a r b i t r a r y  d i s t a n c e ,  ro, f o r  t h e  p a r t  of t h e  problem t h a t  i s  

of i n t e r e s t ,  t hen  Equation 19 and t h e  a l r e a d y  determined v a l u e  f o r  c 

w i l l  f i x  to. 

35 may be used t o  convert  Equations 30, 31 and 32 i n t o  the  fol lowing 

dimensionless equa t ions .  

0 

With t h e  s c a l i n g  f a c t o r s  s e l e c t e d ,  Equat ions 33, 34 and 

and 

h (DU) = - - (R 2 2  DU ) ,  
aT a R  3~ (37) 

When t h e  pseudo-viscous term, designated by Q, i s  i n s e r t e d  i n t o  

Equations 37 and 38, the following t w o  equa t ions  are obtained:  
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and 

Equations 36, 37 and 38 are i n  the f ina l  forms. 

differenced and employed i n  a computer program. 

They may be readily 



CHAPTER I11 

CONSIDERATIONS ON THE PROPAGATION OF SHOCKS 

THROUGH AN ELASTIC MEDIUM 

I n  the  preceding s e c t i o n ,  t he  propagat ion of shocks a t  extremely 

h igh  p res su res  was considered.  The p r e s s u r e s  were s o  g r e a t  t h a t  t h e  

mechanical p r o p e r t i e s  of t h e  s o l i d  s t a t e  could be neg lec t ed .  This i s  

e q u i v a l e n t  t o  t he  s ta tement  t h a t  a n e g l i g i b l e  e r r o r  r e s u l t s  by omission 

from c o n s i d e r a t i o n  of t h e  y i e l d  s t r e n g t h  and t h e  shea r  s t r e n g t h  of t h e  

t a r g e t  i n  i t s  o r i g i n a l  s ta te .  

s t r e n g t h ,  t h e  material i s  e l a s t i c .  Shocks of s m a l l  amplitude a r e  t r a n s -  

mi t t ed  through an  e las t ic  medium a t  c o n s t a n t  v e l o c i t y  and w i t h  no 

permanent change i n  t h e  physical  s t r u c t u r e  of t he  medium. 

For p re s su res  below t h e  dynamic y i e l d  

The b a s i c  equa t ions  f o r  the e l a s t i c  propagat ion of small shocks i s  

t o  be considered i n  t h i s  s ec t ion .  Small shocks are  e q u i v a l e n t  t o  sound 

waves. Since t h e r e  i s  a n  exceedingly l a r g e  backlog of information on 

t h e  a c o u s t i c  p r o p e r t i e s  of s o l i d s ,  a l l  necessary background information 

i s  a v a i l a b l e .  The r eason  f o r  t h e  i n t e n s e  i n t e r e s t  i n  t h i s  s u b j e c t  may 

n o t  be immediately apparent  when t h e  b a s i c  problem i s  known t o  be hyper- 

v e l o c i t y  impact.  The reason f o r  the i n t e r e s t  becomes obvious, however, 

when i t  is' r e c a l l e d  t h a t  t h e  only p o s s i b l e  mechanical measurements on 

t h e  e f f e c t  of a hype rve loc i ty  impact must be obse rva t ions  on the  e l a s t i c  

motion of t h e  metal  t h a t  surrounds t h e  p o i n t  of a hype rve loc i ty  impact. 

27 
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For a d e f i n i t i v e  d i scuss ion  of t h e  s t a t e s  of matter t h a t  occur 

during a hype rve loc i ty  impact, a simple experiment i s  s e l e c t e d  t o  se rve  

as an  i l l u s t r a t i v e  example. Consider t h e  hype rve loc i ty  impact of a 

small p a r t i c l e ,  such as  a sphere,  on a t a r g e t  which has  t h e  shape of a 

hemisphere. The p o i n t  of impact o f  t h e  sphere i s  t o  be a t  t h e  c e n t e r  

of t h e  hemisphere. An impact is d e f i n e d  as hype rve loc i ty  when t h e  

impacting body, or missile, approaches t h e  t a r g e t  a t  a v e l o c i t y  which 

i s  g r e a t e r  than t h e  v e l o c i t y  of sound i n  t h e  e l a s t i c  material of t h e  

t a r g e t .  Immediately a f t e r  t h e  s t a r t  of t h e  impact, t h e  p r e s s u r e  i s  ve ry  

high around t h e  e n t e r i n g  missile. 

the missile and the  m a t e r i a l  of t he  t a r g e t ,  t h a t  i s  w i t h i n  t h e  shock 

f r o n t ,  may be considered t o  be a non-viscous f l u i d  t h a t  was produced by 

t h e  impact.  The flow of t h i s  missile-produced, t h a t  the shock produced, 

f l u i d  may be c a l c u l a t e d  wi th  the equa t ions  of hydrodynamic flow t h a t  

were considered i n  t h e  f i r s t  s e c t i o n  of t h i s  r e p o r t .  A s  t h e  roughly 

hemispherical  shock cont inues t o  propagate  away from the  i n i t i a l  p o i n t  

of c o n t a c t ,  t h e  p r e s s u r e  i n  the shock f r o n t  must decrease f o r  t h e  area 

of t h e  shock froLLt i n c r e a s e s  as  t h e  square of the d i s t a n c e  from t h e  

p o i n t  of impact. Eventual ly ,  the shock p res su re  w i l l  f a l l  s o  low t h a t  

i t  w i l l  no longer  produce a f l u i d ;  i n s t e a d  t h e  medium w i l l  become a 

shock-produced p l a s t i c .  The propagation o r  t h e  snock i n  t n i s  p l a s t i c  

r e g i o n  w i l l  be considered i n  t h e  l a s t  s e c t i o n .  A s  t h e  hemispherical  

shock con t inues  t o  propagate ,  t h e  shock p r e s s u r e  w i l l  become s o  s m a l l  

t h a t  t he  p r e s s u r e  does n o t  permanently change t h e  i n i t i a l ,  e l a s t i c  

c h a r a c t e r i s t i c s  of t h e  medium. Th i s  e l a s t i c  s t a t e  of t he  t a r g e t  material 

i s  t h e  one t h a t  i s  now t o  be discussed.  

As a consequence of t h e  high p r e s s u r e ,  

I n  t h e  e l a s t i c  s ta te ,  the shock f r o n t  i s  n o t  d i s t i n g u i s h a b l e  from 
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t h e  propagat ion of a sound wave. A s  a consequence, t h e  propagat ion  of 

t h e  shock fo l lows  t n e  laws f o r  the propagat ion  of a c o u s t i c  waves through 

t h e  medium. This  means t h a t  t he re  i s  a l o n g i t u d i n a l ,  o r  d i l a t i o n a l  

wave l i k e  those  i n  t h e  f l u i d  reg ion .  I n  t h e  e l a s t i c  r eg ion ,  however, 

t h e  d i l a t i o n a l  wave propagate  a t  an almost  cons t an t  v e l o c i t y ,  which i s  

p r a c t i c a l l y  independent of their ampli tude.  Ac tua l ly ,  t h e  v e l o c i t y  must 

increase s l i g n t l y  w i t h  an increase  i n  p re s su re .  Th i s  i s  r equ i r ed  f o r  a 

s t a b l e  shock wave by one of Bethe ' s  t h r e e  condi t ions  and a c c u r a t e  

measurements have shown i t  t o  be t r u e .  S ince  the  shock wave f r o n t  i s  

not  a t r u e  hemispherical  wave, it w i l l  produce some shear; p a r t i c u l a r l y  

near  t o  t h e  s u r f a c e ,  wnere the re  w i l l  be t r ansve r se ,  o r  shear waves. 

These waves a r e  c a l l e d  Rayleign waves. The Rayleigh waves propagate  

s lower  than t h e  d i l a t i o m l  waves; t h a t  i s ,  a t  approximately 213 of t h e  

v e l o c i t y  o f  the d i l a t i o n a l  waves. They a l s o  decrease  i n  ampli tude 

exponen t i a l ly  wi th  t h e  depth .  

Be the ' s  proof t h a t  t he  shock propagat ion may be c a l c u l a t e d  from 

an  equa t ion  of s t a t e  €or t h e  m a t e r i a l  i s  v a l i d ,  as  ind ica t ed  above. I n  

the f l u i d  range ,  t h e  equa t ion  of s t a t e  must be of t h e  most gene ra l  

form w i t h  three v a r i a b l e s ;  such as  t h e  p re s su re ,  t h e  d e n s i t y  and t h e  

i n t e r n a l  energy.  For low pres su res ,  where the  e l a s t i c  and, t o  a l imi t ed  

e x t e n t ,  t h e  p l a s t i c  waves exist ,  t h e  inc rease  i n  entropy a c r o s s  the  

shock f r o n t  i s  amall  enough t o  b e  neglec ted .  A s  a consequence, t h e  

v e l o c i t y  of propagat ion may be c a l c u l a t e d  wi th  cous ide rab le  accuracy 

from a r e l a t i o n  between t h e  pressure  and the  d e n s i t y .  With t h i s  

assumption, t h e  d i f f e r e n t i a l  equat ion  becomes l i n e a r  and many s o l u t i o n s  

have been found w i t h  t h i s  bas i c  assumption. In  the  fo l lowing  d i scuss ion ,  

t h e  manner of c a l c u l a t i n g  t h e  speed of propagat ion  of t he  d i l a t i o n a l  and 
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t h e  Rayleigh waves i s  shown. 

Comments on Elas t ic  Shock Waves and The i r  S t a b i l i t y  

I n  c o n t r a s t  t o  f l u i d s ,  s o l i d s  resist shear  s o  t h a t  t h e  thermodynamic 

d e s c r i p t i o n  of a s o l i d ,  which involve many components of stress and 

s t r a i n ,  i s  much more complicated than  t h a t  of a f l u i d .  I f  a t t e n t i o n  i s  

confined t o  plane l o n g i t u d i n a l  waves, which are  moving normal t o  t h e  

f aces  of a s l a b ,  no shea r ing  fo rces  ar ise .  I n  t h i s  example, t h e r e  i s  

a n  analogy betwee,, e l a s t i c  s o l i d s  and f l u i d s .  

e l a s t i c  deformations under c e r t a i n  c o n d i t i o n s ,  and of p l a s t i c  changes 

S o l i d s  are  capable  of 

i n  snape under o t n e r s .  The p r o p e r t i e s  of materials which c h a r a c t e r i z e  

them as e l a s t i c ,  o r  p l a s t i c ,  can be expressed mathematically by the 

r e l a t i o r 1  t ha t  exis ts  between t h e  stress cr, and t h e  s t r a i n  e :  

0 = a(€) 

The above r e l a t i o n  depends only on the n a t u r e  of t h e  material under con- 

s i d e r a t i o n .  A m a t e r i a l  i s  c a l l e d  e l a s t i c  when the  stress depends l i n -  

e a r l y  on t h e  s t r a i n .  Most m a t e r i a l  a r e  e l a s t i c  when t h e  s t r a i n  does n o t  

exceed a c e r t a i n  l i m i t ,  wnich is  c a l l e d  the  c r i t i c a l  s t r a i n .  A m a t e r i a l  

i s  c a l l e d  p l a s t i c  whet1 t h e  stress i s  non l inea r  f u n c t i o n  of t h e  s t r a i n  

and tllis only occurs  when t h e  s t r a i n  i s  g r e a t e r  than the  c r i t i c a l  s t r a i n .  

per most s o l l d s ,  t h e  c o q r e s a i b i l i t y  dec reases  as p res su re  i n c r e a s e s  

i n  a d i a b a t i c  compression, s o  that  t h e  a d i a b a t  f o r  h y d r o s t a t i c  compression 

i n  t h e  P-V diagram i s  concave upward; il.e., (a p/aV ) s  > 0 .  

e x a c t l y  Bethe 's  c o n d i t i o n  f o r  which compressive shocks a r e  s t a b l e  (1) 

The decrease i n  compress ib i l i t y  f o r  s o l i d s  w i t h  i n c r e a s i n g  p res su re  was 

shown by Bridgman (18). 

- 

2 2 This  i s  

When d i l a t i o n a l  waves of l a r g e  amplitude a r e  
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propagated through s o l i d s ,  shock waves r e s u l t .  The e l a s t i c  waves of 

d i l a t i o n  are  propagated through a s o l i d  w i t h  t h e  v e l o c i t y  !(A + 2p,)/p]’; 

o r ,  when expressed i n  terms of  t h e  bu lk  modulus K,  t h e  v e l o c i t y  i s  

[ ( K  i- 4 d 3 ) / p l f .  It follows from t h e  g e n e r a l  theory (19) , t h a t  t h i s  

i s  a l s o  t h e  v e l o c i t y  a t  wnich a pu re ly  d i l a t i o n a l  s p h e r i c a l  wave w i l l  

propagate i n  a s o l i d  f o r  which Lame’s c o n s t a n t s  are 1, 1, and the bulk 

modulus i s  K. 

i n c r e a s i n g  p r e s s u r e ,  Bethe’s coud i t ion  f o r  t h e  formation of a s t a b l e  

shock wave i s  f u l f i l l e d .  I n  other  words, t n e  i n c r e a s e  i n  t h e  bu lk  mod- 

ulus, K, w i t h  a n  i n c r e a s e  i n  p re s su re  dominates t h e  expres s ion  f o r  t n e  

v e l o c i t y ,  L(K + 4 / 3  ,)/p]’; and r e s u l t s  i n  an  i n c r e a s e  i n  the  v e l o c i t y  

of t he  e las t ic  wave with p re s su re .  

o f  Bethe’s  cond i t ion .  

As a r e s u l t  of t h e  dec rease  i n  c o m p r e s s i b i l i t y  w i t h  

Th i s  i s  t h e  i n t r i n s i c  requirement 

Propagat ion o f  a S p h e r i c a l  E l a s t i c  Shock 

The case i s  discussed of a s p h e r i c a l  e l a s t i c  d i s tu rbance  which 

propagates  i n  a s o l i d  w i t h  t n e  Lame’s e l a s t i c  c o n s t a n t s  and A ,  p, and 

w i t h  a b u l k  modulus, K. The coordinate  system toge the r  w i t h  t h e  r e l a t e d  

stress and s t r a i n  components a r e  shown i n  F igu re  5 .  A l l  p h y s i c a l  

q u a n t i t i e s  of i n t e r e s t  a r e  func t ions  of t he  c o o r d i n a t e s ,  r and t, as  

in t h e  f l u i d  regioll .  L e t  or, D+,  cr and B be r a d i a l  and t a n g e n t i a l  
L - t 

components of stress and s t r a i n ,  r e s p e c t i v e l y .  L e t  u be t h e  p a r t i c l e  

displacement .  The s t r a i n s  a r e  de f ined  by 

U 
E = -  . t r  
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Fig. 5. Co-ordinate System and S t r e s s  Components. 
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The stresses and s t r a i n s  i n  e las t ic  r e g i o n  are r e l a t e d  by Hookess l a w :  

( 4 )  
U E - = (1 - V) ut - Vur r 

and u are expressed by ' 'r t From Equations 3 and 4 

e E u + v 3 q  
at (1 + u ) ( l  - 2 u )  ['; ar 

The equa t ion  of m o t i m  is 

The e l i m i n a t i o n  of t h e  s t r e s s e s  among Equations 5, 6 and 7 r e s u l t s  i n  

a n  equa t ion  f o r  u ,  as below: 

where C i s  given by e 

Ir; this expression, and u, are Lame's 

- - = (K + 4 / 3  G ) / p .  (9) 
P 

c o n s t a n t s ,  K i s  t h e  bu lk  modulus, 

G(= p) i s  t h e  shear  modulus and p i s  the  d e n s i t y .  

t h a t  t h e  wave v e l o c i t y  depends upon t n e  shea r  modulus as we l l  as on the  

bu lk  modulus. The p h y s i c a l  reason f o r  t h i s  i s  t h a t  t h e  elements a r e  

sub jec t ed  t o  a combination of t ens ion  and s h e a r .  

It i s  t o  be noted 

I n  d e a l i n g  wi th  shock waves i n  an e l a s t i c ,  o r  p l a s t i c  material, a s  

i n  t h e  f l u i d  r eg ion ,  c e r t a i n  i n t e r n a l  boundary cond i t ions  must b e  
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considered (20). A; t he  shock f r o n t ,  t h e  Rankine-Hugoniot cond i t ions  

must be s a t i s f i e d  and, a t  t h e  boundary between an  e l a s t i c  and a p l a s t i c  

r eg ion ,  t h e  stresses and mass v e l o c i t y  must be cont inuous.  A f t e r  t he  

p a r t i c l e  displacement,  u,  i s  found a s  a func t ion  of r and t ,  t h e  r a d i a l  

s t r a i n  and stress may be found from Equations 1 and 5, r e s p e c t i v e l y ;  

the shear  s t r a in  and stress may be found from Equations 2 and 6, 

r e s p e c t i v e l y .  

Rayleigh Waves 

Only two types of e l a s t i c  waves, d i l a t i o n a l  waves and shea r  waves, 

can be propagated i n  an  unbounded i s o t r o p i c  s o l i d .  When t h e r e  i s  a 

boundary s u r f a c e ,  e l a s t i c  su r face  wave may a l s o  occur.  These s u r f a c e  

waves, which are s i m i l a r  t o  g r a v i t a t i o n a l  s u r f a c e  waves i n  l i q u i d s ,  

were f i r s t  i n v e s t i g a t e d  by Lord Rayleigh;  hence, t hey  a re  c a l l e d  Rayleigh 

waves. It was found t h a t  t h e i r  ampli tude dec reases  r a p i d l y  wi th  depth,  

and t h a t  their v e l o c i t y  of propagat ion i s  less than t h a t  of body waves. 

Consider a s i n u s o i d a l  s u r f a c e ,  o r  Rayleigh, wave of frequency, f ,  

v e l o c i t y  c y  and wavelength A which i s  propagat ing a long  t h e  s u r f a c e  i n  

t h e  x - d i r e c t i o n .  Take t h e  d i r e c t i o n  toward t h e  i n t e r i o r  of t h e  s o l i d  

t o  be z - d i r e c t i o n .  

na t ed  o--* and u w w .  

u,  i n  the  x - d i r e c t i o n  and the decrease i n  ampli tude,  W, wi th  depth i n  

t h e  z - d i r e c t i o n .  For s t e e l  with a P o i s s o n ' s  r a t i o  of 0 .29,  t he  calcu-  

l a t e d  amplitude (21) a r e  p l o t t e d  i n  F igu re  6 .  The curves are given i n  

nondimensional forms , the peak v a l u e  of displacements u and w being 

p l o t t e d  as the r a t i o s  u/wo and ljj/cuo, where w 

v i b r a t i o n  i n  t h e  z - d i r e c t i o n  a t  t h e  s u r f a c e .  

The amplitudes of t he  stress components a re  desig-  

It i s  d e s i r e d  t o  c a l c u l a t e  t he  dec rease  i n  amplitude,  
M U I  

i s  the amplitude of  t he  

The peak v a l u e s  <=, 0 

0 
- 

YY 
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of t h e  stresses a r e  p l o t t e d  a s  t h e  r a t i o s  0 

where (Fn)o i s  t h e  amplitude of o 

p l o t t e d  a g a i n s t  Z / A ,  where A, a s  s t a t e d  earlier,  i s  t h e  wavelen t th  of 

t h e  v i b r a t i o n s .  The curves i l l u s t r a t e  c l e a r l y  how t h e  ampli tude of t h e  

/(Zxx)o and ~,z/(~xx)o, xx 

a t  t h e  s u r f a c e .  These r a t i o s  a r e  
xx 

v i b r a t i o n  in t h e  x - d i r e c t i o n  passes  througn zero  whereas t h e  ampli tude 

i n  t h e  z - d i r e c t i o n  f i r s t  i nc reases  s l i g h t l y  and trien decays monotonical ly .  

They a l s o  snow t h a t  0 

reaches  a maximum a t  about  0 . 3 3 / h  and then decays a sympto t i ca l ly  wi th  

component changes s i g n ,  w h i l e  t h e  oZz component 
xx 

depth .  
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CHAPTER Iv 

CONSIDERATIONS ON THE PROPAGATION OF SHOCKS THROUGH 

A PLASTIC MEDIUM 

The preceding d i s c u s s i o n  i n  t h i s  r e p o r t  s t a r t e d  w i t h  a considera-  

t i o n  of t he  propagat ion of a shock and of t h e  f l u i d  flow i n  t h e  shock- 

produced f l u i d .  The compression by t h e  shock i s  so g r e a t  t n a t  t n e  

medium t h a t  was t r a v e r s e d  by the shock f r o n t  may be considered a s  an 

i n v i s c i d  f l u i d ,  wn i l e  t n e  shock f r o n t  propagates  i n t o  t h e  undisturbed 

s o l i d .  T h i s  r e p o r t  hss  continued wi th  a d i s c u s s i o n  of the propagat ion 

o f  a shock f r o n t  tnrough a s o l i d ,  e l a s t i c  medium where t h e r e  i s  no flow 

behind t h e  shock f r o n t .  There i s  an  undetermined p r e s s u r e  range wnich 

e x i s t s  between t h e  e l a s t i c  s o l i d  a d  the  i n v i s c i d  f l u i d  r eg ion .  This  

r eg ion  i s  c a l l e d  a p l a s t i c  medium and permanent d i s t o r t i o n  r e s u l t s  from 

t h e  passage of t he  shock. There i s  some flow, b u t  t h e  flow i s  a g a i n s t  

s t r o n g  r e s t r a i n i n g  f o r c e s .  

This  i n t e rmed ia t e ,  p l a s t i c  r eg ion  i s  bounded on the  l o w  p r e s s u r e  

s i d e  by the p r e s s u r e  a t  which permanent d i s t o r t i o n  of t h e  medium s tar ts  

t o  appear a f t e r  t h e  passage of t h e  shock f r o n t .  This  s u b j e c t  i s  d i s -  

cussed a t  l eng th  i n  two sec t ions  t n a t  immediately follow t h i s  introduc-  

Cion. They are designated:  (1) t he  E l a s t i c  and Dynamic Yield S t r eng th  

and (2) t he  Bauschinger E f f e c t  under Shock Condit ions.  I n  the  p l a s t i c  

r ange ,  t h e r e  are be l i eved  t o  be two shocks t h a t  propagate a t  s l i g h t l y  

d i f f e r e n t  v e l o c i t i e s .  The upper l i m i t  of  t he  p l a s t i c  range may be 

37 



considered a s  t h e  p re s su re  a t  which t h e  two shock f r o n t s  d i sappea r .  

This  i s  no t  a good c r i t e r i a  f o r  two r easons .  The s o - c a l l e d  precursor  

shock becomes v e r y  small i n  t h e  p re s su re  range  f o r  wh ich - the  p l a s t i c  

r eg ion  merges i n t o  t h e  f l u i d  reg ion .  With the  precursor  ampli tude 

very  small, t h e  small ampli tude may n o t  be s u f f i c i e n t l y  observable  t o  

determine t h e  upper l i m i t  of t he  p l a s t i c  r eg ion .  There i s  another  

reason  f o r  confusion.  The “ f l u i d ”  shock, as c o n t r a s t e d  t o  the  p recu r so r  

shock, propagates  a t  a v e l o c i t y  t h a t  i nc reases  w i t h  p re s su re .  A s  t h e  

p re s su re  i n c r e a s e s ,  t h e  “ f l u i d “  shock may propagate  a t  a v e l o c i t y  equal  

t o ,  o r  f a s t e r  than t h e  precursor .  I n  t h i s  ca se ,  t h e  p recu r so r  shock 
* 

would appear as a r i p p l e  on t h e  o s c i l l a t i n g  shock f r o n t  and would prob- 

a b l y  b e  overlooked. 

S t a t i c  and Dynamic Yie ld  S t r eng th  of Metals 

For s u f f i c i e n t l y . s m a l 1  s t r a i n s  t h e  l i n e a r  s t r e s s - s t r a i n  r e l a t i o n  

(22) , 

i s  a p p l i c a b l e  w i t h i n  an  i s o t r o p i c  s o l i d  which i s  cha rac t e r i zed  by t h e  

d e n s i t y  and by two e l a s t i c  cons t an t s ,  p, and A. I n  Equation 1, 

and e denote  components of t he  C a r t e s i a n  t enso r s  f o r  stress and 

s t r a i n ,  r e specc ive iy .  

ai j 

i j  

For t h e  case of one-dimensional compression i n  the  x - d i r e c t i o n ,  

By us ing  Equation 1, t h e  p r e s s u r e  = AVfV and a l l  o the r  c i j  = 0. “11 

i s  given by Oll , a long  the x - d i r e c t i o n ,  

whereas 
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Thus, t h e  a n i s o t r o p i c  p a r t  of the stress f o r  t h e  case  of one-dimensional 

s t r a i n  i s  

where Y i s  t h e  s t a t i c  y i e l d  s t r e n g t h  i n  s imple t ens ion .  

merely states t h a t  Equation 4 holds f o r  stresses below t h e  s t a t i c  y i e l d  

s t r e n g t h  . 

The cond i t ion  

- = - -  1 AV For t h e  case  of a h y d r o s t a t i c  compression E - 11 - "2 - "3 3 v 
and c i j  = 0 f o r  i # j .  

a s s o c i a t e d  stress t enso r  i s  

By t h e  u s e  of Equation 1, i t  i s  seen t h a t  t he  

I = 0 f o r  i # j .  

An i d e a l i z e d  s t r e s s - s t r a i n  curve is  shown i n  F igu re  7. The presence 

O i j  

of a cusp i n  the  all curve implies  t h e  p o s i t i o n  of t h e  y i e l d  p o i n t ,  f o r  

4 AV p between t h i s  curve - - - -  ' all1 - "11 3 t h e  d e r i v a t i v e  of t he  o f f s e t  

and the h y d r o s t a t i c  cu rve ,  s u f f e r s  a d i s c o n t i n u i t y  a t  Y. The hydro- 

s t a t i c  curve i s  known t o  be smooth and t o  have no cusps.  The p res su re  

a s s o c i a t e d  w i t h  t h e  cusp is c a l l e d  t h e  "Hugoniot e l a s t i c  l i m i t "  o r  

"dynamic e l a s t i c  l i m i t "  ( 2 3 ) .  

Bauschinger E f f e c t  Under Shock Zonciitlloils 

The Bauschinger e f f e c t  i s  w e l l  known f o r  heav i ly  cold-worked 

metals. It i s  of i n t e r e s t  t o  t h i s  d i s c u s s i o n  f o r  it may i n c r e a s e  t h e  

dynamic y i e l d  s t r e n g t h .  The Bauschinger e f f e c t  p r e d i c t s  t h a t  compres- 

s i v e  load ing  of t h e  metal t o  beyond t h e  y i e l d  s t r e n g t h ,  by any means, 

w i l l  i n c r e a s e  t h e  o r i g i n a l  compressive y i e l d  s t r e n g t h ,  wh i l e  i t  s l i g h t l y  
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decreases  t h e  t e n s i l e  y i e l d  s t r e n g t h .  The e a r l y  l i t e r a t u r e  on shock 

loading has  no t  r e p o r t e d  a Bauschinger e f f e c t  from shock loading a t  

s t r a i n  ra tes  up t o  10 s e c  . It i s  t o  be r e c a l l e d  t h a t  t h e  s t r a i n  i s  6 -1 

expressed i n  cm/cm, s o  t h e  only u n i t  f o r  t h e  s t r a i n  r a t e  i s  r e c i p r o c a l  

seconds. Jones and Holland (24) r e p o r t e d  i n  1964 t h a t  t he  Bauschinger 

e f f e c t  i s  observed f o r  mild s t e e l  under t h e  extremely high s t r a i n  r a t e  

t h a t  occurs  i n  t h e  exp los ive  loading process .  The fol lowing information 

i s  c o l l e c t e d  from t h e i r  a r t i c l e .  

The a r t i c l e  by Jones and Holland c l e a r l y  demonstrates t h a t  s teel  

w i t h  20 p e r  cen t  o f  p r i o r  tensi le  co ld  work e x h i b i t s  t h e  Bauschinger 

e f f e c t .  The r e s u l t s  t h a t  demonstrate t h i s  r e s u l t  are  reproduced i n  

F igu re  8.  The experimental  stress-time p r o f i l e  from t h e  a r t i c l e  are 

shown i n  F igu re  9.  The la t ter  f i g u r e  i n d i c a t e s  t he  e x i s t e n c e  of a 

Bauschinger e f f e c t  under exp los ive  load ing  which r e s u l t s  i n  ve ry  high 

s t r a i n  rates.  The modif icat ion from t h e  Bauschinger e f f e c t  on a one- 

dimensional e l a s t i c - p l a s t i c  s t r e s s - s t r a i n  pa th  during a load ing  and 

unloading cyc le  w a s  proposed. The i r  proposed c y c l e  i s  reproduced i n  

F igu re  10, b u t  they do no t  give a d e t a i l e d ,  q u a n t i t a t i v e  a n a l y s i s .  

Under t h e  c o n d i t i o n s  of t h e  shock load ing  of mild steel ,  t h e  e x p e r i -  

mental r e s u l t s  are s u f f i c i e n t  t o  show t h e  Bauschinger e f f e c t  f o r  cold-  

worked m i l d  steel under shock loading.  From the  preceding evidence,  

t h e  Bauschinger e f f e c t  may lead t o  s e r i o u s  e r r o r s .  The conclusions 

from t h e  c i t e d  a r t i c l e  have s e v e r a l  p r a c t i c a l  imp l i ca t ions  of a gene ra l  

n a t u r e .  They are quoted: 

1. If t h e  dynamic y i e l d  s t r e n g t h  of a m e t e r i a l  i s  t o  be 
a c c u r a t e l y  i n f e r r e d  from shock load ing  d a t a  given i n  the  
l i t e r a t u r e ,  c a r e  must be taken t o  d u p l i c a t e  the  m e t a l l u r g i c a l  
h i s t o r y  and the  d i r e c t i o n  of loading.  Unfortunately,  t h i s  
has  no t  been given f o r  more of t h e  work r e p o r t e d  i n  l i t e r a t u r e  
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S t r e s s  

Inc lud ing  S t r a i n  hardening ‘ I  and Bauschinger e f f e c t  

S t r a i n  

F ig .  10, Schematic E l a s t i c - P l a s t i c  S t r e s s - S t r a i n  
Pa ths  f o r  Loading and Unloading i n  One-Dimensional 
S t r a i n  which I l l u s t r a t e s  Modif ica t ions  Resu l t ing  
from S t r a i n  Hardening and the Baushinger E f f e c t .  
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A l t e r n a t i v e l y ,  t h e  Bauschinger e f f e c t  may provide another  
experimental  parameter which may be used t o  c o n t r o l  t he  
amplitude of t h e  e las t ic  wave p r o f i l e s  f o r  a given metal. 

2.  I n  s tudying t h e  s t r e s s - s t r a i n  behavior of a metal under 
shock load ing  on t h e  b a s i s  of f r e e - s u r f a c e  measurements, i t  
may be necessary t o  include t h e  Bauschinger e f f e c t  as shown 
i n  F igu re  10, i n  t h e  usua l  e l a s t i c - p l a s t i c  theory of l oad ing  
and unloading i n  one-dimensional s t r a i n .  Such an  e f f e c t  has  
always been neg lec t ed  i n  t h e  p a s t  and would r e s u l t  no t  from 
p r i o r  deformation, b u t  f rom work hardening during passage 
of t h e  load ing  wave followed by r e v e r s e  loading around t h e  
h y d r o s t a t .  

Evidence f o r  Existence of Two Successive Shocks 

I n  the  low p r e s s u r e  region,  t h e  behavior of t h e  shock wave i n  a 

metal i s  determined by t h e  y i e l d  s t r e n g t h  of the metal. The shock 

s t r u c t u r e  depends on t h e  f i n a l  peak p r e s s u r e  reached i n  t h e  compression. 

Because of the connect ion between t h e  p r o p e r t i e s  of t he  material and 

t h e  s t r u c t u r e  of t h e  shock f r o n t ,  t h e  i n v e s t i g a t i o n  of t h i s  s t r u c t u r e  

i n c r e a s e s  the  amount of information t h a t  can be obtained from shock 

experiments .  The connect ion between the  shock s t r u c t u r e  and material  

p r o p e r t i e s  i s  not  always unique, and possib1.e a l t e r n a t i v e  i n t e r p r e t a -  

t i o n s  must be c a r e f u l l y  weighed ( 2 5 ) .  The f i r s t  concept t o  be abandoned 

i s  t h a t  t h e  shock p r e s s u r e  i s  a simple h y d r o s t a t i c  p re s su re ,  as would 

occur  i n  a n  i d e a l  f l u i d .  The compression by a r e l a t i v e l y  s m a l . 1  shock 

cf z y  ms+erial w i t h  a d e f i n i t e  y i e l d  s t r e n g t h  must be c a l c u l a t e d  by 

t h e  use of stress t e n s o r s .  I f  t h e  smallest element for c o n s i d e r a t i o n  

w i t h  a p r a c t i c a l  s t r u c t u r a l  metal c o n s i s t s  of s e v e r a l  c r y s t a l s ,  the  

stress t enso r  must be i s o t r o p i c .  The shock compression al lows no n e t  

macroscopic s t r a i n  t o  occur immediately behind and p a r a l l e l  t o  t h e  

shock f r o n t .  The Rankine-Hugoniot jump cond i t ions  show t h a t  measure- 

ments of t h e  propagat ion v e l o c i t y  and of t h e  normal component of pa r t i c l e  
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v e l o c i t y  g ive  information only about t h e  component of compressive stress 

normal t o  shock f r o n t .  These cons ide ra t ions  l ead  t o  the  conclusion 

t h a t  t h e  stress p a r a l l e l  t o  t h e  wave f r o n t  i s  e s s e n t i a l l y  unknown, except  

by i n f e r e n c e  from o t h e r  information t h a t  may be combined wi th  t h e  ve loc -  

i t y  measurements (26) a 

For cons ide ra t ion  of shock s t a b i l i t y ,  t he  y i e l d  p o i n t  has the  same 

The s t a b i l i t y  of a shock t r a n s i t i o n  e f f e c t  as a phase t r a n s i t i o n  (27 ) .  

may be t e s t e d ,  i n  g e n e r a l ,  by connecting the  i n i t i a l  and t h e  f i n a l  s t a t e  

of  t h e  material on i t s  Hugoniot curve by a s t r a i g h t  l i n e .  I f  t h e  l i n e  

does not  i n t e r s e c t  t h e  Hugoniot a t  i n t e rmed ia t e  p o i n t s ,  t h e  shock 

t r a n s i t i o n  i s  s t a b l e ,  otherwise i t  is n o t .  The  most d i r e c t  evidence of 

t h e  existence of two success ive  shock waves is t h e  motion of t he  f r e e  

s u r f a c e  t h a t  r e s u l t s  from t h e  incidence of the shock wave (28), The 

v e l o c i t y  from a s i n g l e  shock i s  e s s e n t i a l l y  c o n s t a n t ,  as i s  shown i n  

F igu re  11 (29).  The d e c e l e r a t i o n  resu l t s  from t h e  f i n i t e  P e n s i l e  

s t r e n g t h  of the material and t h e  decay behind the  i n c i d e n t  shock, 

i n  F igu re  12 ,  P . l i es  above po in t  B only a s i n g l e  shock i s  formed, 

The shock v e l o c i t y ,  i n  t h i s  ca se ,  can b e  found by e l i m i n a t i n g  t h e  

I f ,  

1 1 

p a r t i c l e  v e l o c i t y  from Equations 1 and 2 i n  Chapter I. I f ,  aga in  i n  

F igu re  1 2 ,  P l i es  below p o i n t  A ,  which i s  the  dynamic e l a s t i c  l i m i t  of 

t h e  material, a s i n g l e  e l a s t i c  compression occurs .  I f  P i s  between 

p o i n t s  A and By t h e  shock c o n s i s t s  of an  e l a s t i c  p recu r so r  of amplitude 

P followed by a slower moving shock with peak p r e s s u r e p  * The case  

i s  shown i n  F igu re  13 .  . For t h i s  case,  the p r e s s u r e  between the e l a s t i c  

p recu r so r  and t h e  shock i s  shown as c o n s t a n t ,  This  ho lds  f o r  a sharp 

y i e l d  p o i n t  and f o r  a constant  y i e l d  s t r e s s  i n  simple t ens ion .  The 

v e l o c i t y  of a s i n g l e  shock with a peak p r e s s u r e ,  P12 above p o i n t  B i n  

1 

1 

A p1 



U 3 fs 

- Sing le  Shock 

Double Shock 

F ig .  11. Free-Surface V e l o c i t i e s  Produced by 
S ing le  and Double Shock. 
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Figure  12 ,  i s  given by 

p1 - PO]% 
= vo [vo - VI 

which is  p r o p o r t i o n a l  t o  t h e  square r o o t  of t..e nega t ive  s l o p e  of  t h e  

chord drawn between t h e  p o i n t s  r e p r e s e n t i n g  the  i n i t i a l ,  and t h e  f i n a l  

s ta te  on t h e  Hugoniot curve (30). 

'e 3 

The v e l o c i t y  of t h e  e l a s t i c  p recu r so r ,  

can be shown t o  be equa l  t o  

3K (1 - U )  % r- 
ue ~p (1 + ' 

where K i s  t h e  bu lk  modulus of compression, p t he  d e n s i t y  of t h e  material 

and U i s  P o i s o n ' s  r a t i o  (31). 

For t h e  case of double wave s t r u c t u r e  t h a t  was mentioned ea r l i e r ,  

t h e  v e l o c i t y  of t h e  e l a s t i c  p recu r so r ,  PA, i s  a g a i n  given by Equation 6 .  

Since  P1 i s  above t h e  dynamic e l a s t i c  l i m i t ,  p l a s t i c  flow occurs  and i s  

propagated wi th  t h e  p l a s t i c  wave v e l o c i t y  

U = (K/p)', 
P (7) 

where K i s  a g a i n  the  bu lk  modulus of t h e  material. A s  mentioned ea r l i e r ,  

Bridgman showed t h a t  f o r  most s o l i d s ,  t he  bulk modulus K i n c r e a s e s  wi th  

i n c r e a s i n g  p r e s s u r e .  A t  stresses only s l i g h t l y  g r e a t e r  than t h e  dynamic 

e l a s t i c  l i m i t ,  t h e  p l a s t i c  wave v e l o c i t y  from Equat ion 7 i s  splaller than 

t h a t  of t he  e las t ic  wave given by Equation 6 .  However, as iiie a p p l l s d  

stress i n c r e a s e s ,  t h e  p l a s t i c  wave v e l o c i t y  a l s o  i n c r e a s e s  because of 

t h e  dec reas ing  of c o m p r e s s i b i l i t y  of t h e  m a t e r i a l .  A s  a r e s u l t  of t h i s ,  

f u r t h e r  i n c r e a s e  o f  p r e s s u r e  causes the  p l a s t i c  wave v e l o c i t y  t o  exceed 

t h a t  of t h e  e l a s t i c  wave. A p re s su re  e x i s t s  a t  which t h e  p l a s t i c  wave 

v e l o c i t y  becomes equa l  t o  t h a t  of t he  e l a s t i c  wave. For aluminum t h i s  
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F i g .  12. Equation of S t a t e  i n  Elast ic-  
P l a s t i c  Sol id .  

F i g .  13. Shock S t r u c t u r e  i n  E l a s t i c - P l a s t i c  S o l i d .  
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p r e s s u r e  i s  about 105 Kilobars  (32). The m a t e r i a l  i s  i n  t h e  e l a s t i c  

r eg ion  f o r  p r e s s u r e s  under t h e  dynamic e l a s t i c  l i m i t .  

An elast ic  p recu r so r  shock was r e p o r t e d  t o  precede a n  e x p l o s i v e l y  

generated shock wave i n  steel by Pack, Evans and James (31) i n  1948. 

Later s t u d i e s  by o t h e r  i n v e s t i g a t o r s  have measured t h e  amplitude of 

t h i s  wave f o r  v a r i o u s  materials ( 3 3 , 3 4 )  and several t h e o r i e s  have been 

formulated f o r  shock waves i n  materials which may be deformed p l a s -  

t i c a l l y  (35,36,37) . Dynamic y i e l d  s t r e n g t h  f o r  compressive e l a s t i c  

waves have been de r ived  from the shock wave experiments and compared 

w i t h  t e n s i l e  experiments.  General ly ,  t h e  r e s u l t s  support  t h e  hypoth- 

esis t h a t  dynamic, compressive y i e l d  occurs  by the same mechanisms as 

y i e l d  i n  t e n s i o n .  C a l c u l a t i o n  of t h e  dynamic e l a s t i c  l i m i t  f o r  a 

p l a s t i c  material w i t h  f i x e d  y i e l d  stress i n d i c a t e  t h a t  i t  exceeds t h e  

h y d r o s t a t i c  v a l u e  a t  a given s t r e n g t h  by two-thirds  of t he  y i e l d  stress 

(38) 

Equation of S t a t e  f o r  Aluminum i n  Low P res su re  Region 

A s  an  example of  shock loading, consider  a p l ane ,  uniform, com- 

p r e s s i o n a l  shock wave which propagates i n  a uniform materia1 as shown 

i n ' F i g u r e  14. A small element of volume i n  the medium wi th  c ros s -  

section ARCD i s  compressed i n t o  A ' B ' C ' D ' ,  as a r e s u l t  of a p p l i c a t i o n  

of t he  p r e s s u r e ,  

dimensional compression P r e q u i r e s  a p r e s s u r e  P =P t o  prevent  a n  

expansion o r  a c o n t r a c t i o n  on t h e  s i d e s  of t h e  volume element.  A 

m a t e r i a l  i s  c a l l e d  " e l a s t i c - p l a s t i c "  provided (1) i t  y i e l d s  according 

t o  t h e  von Mises-Hencky c r i t e r i o r  and (2) i t  i s  e l a s t i c  a t  lower 

stresses. The von Mises-Hence c r i t e r i o r  i s  P -P = 0 where 0 i s  

i n  x - d i r e c t i o n .  The a p p l i c a t i o n  of a one- 
pX, c 

Y = Y  

X Y  Y Y 
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I 
I 
I 
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Fig .  14. Compression of a Volume 
Element by a Plane Shock Fron t .  
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F ig .  15.  Hugoniots f o r  Hydros t a t i c  and E l a s t i c - P l a s t i c  
Compression of Aluminum. 
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t h e  y i e l d  s t r e n g t h  i n  simple tension.  

A Hugoniot r e l a t i o n  f o r  such a material can b e  r e a d i l y  c o n s t r u c t e d ,  

i f  s t r a i n  rate e f f e c t s  are neglected.  While t h e  compressed material 

behaves e l a s t i c a l l y ,  compressive stresses and s t r a i n s  are r e l a t e d  by 

Hooke's law: 

P = ( h  + 2p)s X (8) 

P = Asx ( 9 )  

P = l ex  (10) 

X 

Y 

5 

where el = 1 - p o / p ,  and A ,  c1, a r e  t h e  Lame's e l a s t i c  c o n s t a n t s .  

d e f i n i t i o n ,  

By 

where K i s  t h e  bu lk  modulus of t h e  material. 

By combining t h e  r e l a t i o n s  i n  Equation 8 and 11, t h e  fol lowing 

equa t ion  i s  obtained.  

where c1, is t h e  modulus of r i g i d i t y .  While t h e  compressed material i s  

i n  t h e  p l a s t i c  s t a t e ,  t h e  p l a s t i c  stress f u n c t i o n  i n  s i m p l e  t ens ion  i s  

p - P = Oy(€ ) .  I n s e r t  t h i s  r e l a t i o n  i n  Equation 11 and o b t a i n  t h e  
X Y  

re la  t i o n ,  

I n  t e r m s  of and 0 P may be expressed by 
Y Y  x 

where F(po/p) i s  t h e  h y d r o s t a t i c  p r e s s u r e  corresponding t o  d e n s i t y  p 

and cp i s  the e q u i v a l e n t  p l a s t i c  s t r a i n  i n  simple t ens ion .  The normal 
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stress, P i n  t h e  plane wave exceeds t h e  h y d r o s t a t i c  p r e s s u r e  correspond- 

i n g  t o  the same d e n s i t y  by an amount depending on t h e  y i e l d  stress. 

p l a s t i c  s t r a i n  corresponding t o  t h e  stress , 

t h e  e l a s t i c  s t r a i n  t h a t  i s  r equ i r ed  t o  resist the  stress, Px, and t h e  

t o t a l  s t r a i n  produced by P . 
solved,  g r a p h i c a l l y .  I f  CY (e  ) i s  a cons t an t ,  t h e  locus of e las t ic-  

p l a s t i c  states l ies  above the h y d r o s t a t i c  p r e s s u r e  by - CY . The P-V 

diagram f o r  h y d r o s t a t i c  and e l a s t i c - p l a s t i c  canpres s ion  of aluminum (38) 

i s  shown i n  F i g u r e  15. 

X’ 

The 

is  t h e  d i f f e r e n c e  between 
pX’ 

The r e s u l t i n g  equa t ion  may be r e a d i l y  
X 

P 
Y 

2 
3 Y  

By d i f f e r e n t  experimental  techniques from those  of G. R .  Fowles 

(38) ,  Lundergan and Hermann (32) were a b l e  t o  formulate  a n  i m p i r i c a l  

equa t ion  of s t a t e  f o r  aluminum i n  t h e  low p r e s s u r e  r eg ion .  The i r  

equa t ion  has  t h e  fo l lowing  form f o r  stress below the  dynamic e l a s t i c  

l i m i t :  

where P i s  i n  Ki loba r .  

Beyond t h e  dynamic e l a s t i c  l i m i t  t h e  equa t ion  has the fol lowing 

form: 



CHAPTER V 

HUGONIOT CURVE FOR SPECIAL MATERIALS 

The Hugoniot curve has  been de f ined  f o r  metals as t h e  locus of 

p o i n t s  on t h e  P-V p l o t  t o  which a m a t e r i a l  is compressed by shock waves. 

Compression by a shock i s  the p r i n c i p a l  experimental  technique t h a t  i s  

employed t o  o b t a i n  in fo rma t ion  on t h e  equa t ion  of s t a t e  of metals a t  

h igh  p r e s s u r e s ,  d e n s i t i e s  ‘and temperatures.  A shock compression from 

a s i n g l e ,  i n i t i a l  v a l u e  of t h e  d e n s i t y  g ives  a s i n g l e  p o i n t  on t he  P-V 

diagram and t h e  entropy inc reases  w i t h  amplitude of t h e  shock. 

compressions, f o r  a series o f  samples wi t :  d i f f e r e n t  i n i t i a l  d e n s i t i e s ,  

y i e l d  more d a t a  and a complete r e g i o n  of the P-V diagFam may be con- 

s t r u c t e d  (41). Compression t o  a s e l e c t e d . p o i n t  on t h e  P-V diagram g ives  

a compressed s ta te  a t  high temperatures a s  t he  i n i t i a l  p o r o s i t y  i s  

inc reased .  The s i m p l e s t  method t o  o b t a i n  v a r i o u s  i n i t i a l  d e n s i t i e s  i s  

t o  p repa re  sample wi th  d i f f e r e n t  p o r o s i t i e s  from f i n e  powder. The 

f r a c t i o n a l  p o r o s i t y ,  m, of a metal i s  def ined as m = po/p,  where p 

i s  t h e  d e n s i t y  of s o l i d - m e t a l  p a r t i c l e s  of  t he  sample and p i s  t h e  

mean d e n s i t y  of t h e  whole porous sample. 

Shock 

0 

Heating E f f e c t  w i th  Porous Metals 

I n  a t y p i c a l  porous material, i n d i v i d u a l  p a r t i c l e s  of s o l i d  matter 

of normal d e n s i t y ,  p,, are  separated by empty spaces .  

p r e s s i o n ,  t h e  work done by the e x t e r n a l  p r e s s u r e  i s  f i r s t  used t o  

I n  shock com- 
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compress t h e  porous metal t o  a s o l i d .  A shock wave of low i n t e n s i t y  

can compress porous matter t o  a s o l i d  matter of normal d e n s i t y .  For 

t h e  f i n a l  p r e s s u r e s  equa l  t h e  d e n s i t y  a f t e r  shock compression i s  smaller 

f o r  a porous material than  f o r  a nonporous one. The f i n a l  d e n s i t y  

dec reases  as t h e  i n i t i a l  po ros i ty  i n c r e a s e s .  Th i s  i s  a consequence of 

t h e  greater h e a t  c o n t e n t  o f  t h e  mmpressed porous material. 

c a l  exp lana t ion  is shown i n  Figure 16.  

done by t h e  shock-compression fo rces  on t h e  proous material i s  longe r  

than t h e  corresponding pa th  f o r  t h e  nonporous material. 

t h e  work i s  needed t o  i n c r e a s e  i n t e r n a l  energy, t h e  i n c r e a s e  i n  the  

thermal component, E!, of t h e  i n t e r n a l  energy of a porous material i s  

cons ide rab ly  l a r g e r  than the corresponding q u a n t i t y ,  ET, f o r  t h e  non- 

porous material. The a d d i t i o n a l  temperature r ise  from t h e  p o r o s i t y  of 

t h e  material i n c r e a s e s  t h e  thermal component of t h e  p r e s s u r e ,  P = P - 

which opposes t h e  compression. A s  a consequence of g r e a t e r  h e a t  i n p u t ,  

t h e  d e n s i t y  of a shock-compressed, porous sample i s  lower than  t h a t  of 

a nonporous sample under the same shock amplitude.  

The physi-  

The p a t h  along which work i s  

Since h a l f  of 

n 

pC t 

The shock compression of samples of t h e  same m a t e r i a l  w i t h  d i f f e r e n t  

i n i t i a l  p o r o s i t i e s  w a s  f i r s t  considered t h e o r e t i c a l l y  by Y a .  B. 

Zel‘dovich and A .  S. Kompaneets. They used a n  equa t ion  of s t a t e  w i t h  

a constzn: ceef f ic ien t ,  y = V( he -)-.. Their  r e s u l t s  are shown i n  F igu re  
3J5 ” 

1 7  by p r e s s u r e - r e l a t i v e  dens i ty  (v = p / p  ) diagram. 

curve of t h e  nonporous m a t e r i a l ,  w i th  m = 1, and of samples w i t h  v a r i o u s  

i n i t i a l  p r o o s i t i e s ;  m > 1, a l l  s t a r t ’ f r o m  t h e  p o i n t  P = 0 ,  ‘ll = 1, which 

i s  t h e  i n i t i a l  s ta te  of t h e  nonporous m a t e r i a l .  This  r e s u l t s  from the 

assumption t h a t  a very weak shock i s  capable  of compressing a porous 

material so  t h a t  i t s  d e n s i t y  becomes po. 

Shock compression 
0 

I ,  



a 

55 

P 

t 
I 
I 
I 
\ 
\ 
\ 

= cold  compress ib i l i t y  curve 

E: = thermal component of i n t e r n a l  
energy f o r  nonporous material 

Ep = thermal  component of i n t e r n a l  

a t  a b s o l u t e  ze ro  PC 

T energy f o r  porous material 

por  0 0 

F ig .  16.  The P-V Diagram f o r  Shock Compression of Porous 
Material - 
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For higher  v a l u e s  of m y  the compressive shock s h i f t s  the curves i n  

t h e  P-7) diagram i n  Figure 1 7  toward lower v a l u e  of q-  L e t  h = 1 + 2 / ~  

denote t h e  l i m i t i n g  compression of a nonporous body as P i n c r e a s e s  

i n d e f i n i t e l y .  For the  shock compression curves corresponding t o  a 

p o r o s i t y ,  m y  i n  t h e  i n t e r v a l  h > m > 1, t h e  d e n s i t y  a f t e r  shock com- 1 

p r e s s i o n  i n c r e a s e s  wi th  an  inc rease  of t h e  p r e s s u r e ,  approaching 

a sympto t i ca l ly  t o  a l i m i t i n g  va lue ,  T!im = - > 1. 

t h e  r eg ion ,  7)  > 1, where t h e i r  s l o p e s ,  (%)H, are p o s i t i v e .  The e f f e c t  

of shock h e a t i n g  i s  p a r t i c u l a r l y  remarkable a t  t he  p o r o s i t i e s ,  m3 > h.  

I n  t h i s  ca se ,  t he  shock compression curves have an  unusual,  i n v e r t e d  

These curves l i e  i n  m 

form. They l i e  i n  t h e  r e g i o n  and may have d e r i v a t i v e s ,  (%H4. A 

shock wave of van i sh ing ly  small amplitude i s  capable  of compressing a 

porous sample t o  t h e  normal d e n s i t y  of t h e  nonporous material. When 

m > h ,  a wave of f i n i t e  amplitude cannot produce t h i s  much compression. 

An i n c r e a s e  i n  p r e s s u r e  produces a decrease i n  t h e  d e n s i t y  i n s t e a d  of 

t h e  i n c r e a s e  i n  d e n s i t y  t h a t  might be expected,  The d e n s i t y  a f t e r  

shock compression approaches a sympto t i ca l ly  t o  a l i m i t i n g  v a l u e  of 

T 1 i m  m 

curve co inc ides  w i t h  the o r d i n a t e s  T = 1 along which (*) = a~. The 

shock compression curves f o r  porous tungsten w i t h  v a r i o u s  p o r o s i t i e s  

and thnse f o r  i r o n  w i t h  m = 1 . 4  are shown i n  F igu re  18 and F igure  19,  

r e s p e c t i v e l y .  

- - -  < 1. When t h e  p o r o s i t y  m = m = h,  t he  shock compression 
2 

3 

drl 

Hugoniot f o r  Marble 

A shock a d i a b a t  f o r  marble was r e p o r t e d  by Dremin and Adadurov 

(42) i n  1959. 

of 2.70 gm/cm . 
A l i g h t - g r a y  marble w a s  used which had a n  i n i t i a l  d e n s i t y  

The shock 3 The following r e s u l t s  were obtained.  
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F i g .  1 7 .  Compression of Porous Samples f o r  Various 
Values of h/m w i t h  h = 1 + 2/y. 
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Fig. 18. Shock Compression Curves for Porous Tungsten. 
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Fig .  19.  Shock Compression Curves of I ron  wi th  Normal 
Densi ty  m = l ,  and P o r o s i t y  m = 1.412. 
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pres su re  extends up t o  500 Kilobars .  

The dependence o f  t he  shock wave v e l o c i t y ,  U, on t h e  p a r t i c l e  

v e l o c i t y ,  u, i s  shown i n  F i g u r e  20. The Hugoniot w i th  p r e s s u r e  v s .  t h e  

r a t i o  of t h e  d e n s i t y  under compression t o  normal d e n s i t y  i s  given i n  

F igu re  21. There i s  a remarkable d i s c o n t i n u i t y  i n  t h e  U vs. u curve a t  

about  u = 1,000 m/sec, as shown i n  F i g u r e  20. 

phase t r a n s i t i o n .  The segmen t& on F igures  20 and 21 corresponds t o  

a r eg ion  of mixed phase. The boundaries of t h i s  r eg ion  were e s t a b l i s h e d .  

As was shown by Drummone ( 4 3 ) :  Bancroft ,  Pe t e r son ,  and Minshal l  ( 3 4 1 ,  

a c o n f i g u r a t i o n  o f  two shock waves e x i s t s  i n  the p h a s e - t r a n s i t i o n  r eg ion .  

The d i s tu rbance  of t he  f i r s t  shock wave was measured expe r imen ta l ly .  

It was found t o  propagate  i n  the  e n t i r e  p h a s e - t r a n s i t i o n  r e g i o n  a t  a 

cons tan t  v e l o c i t y  which i s  g r e a t e r  t han  the  v e l o c i t y  of t h e  second 

shock wave. 

second shock wave becomes l a r g e r  and l a r g e r ;  and, e v e n t u a l l y ,  a t  p re s -  

s u r e s  corresponding t o  p o i n t  B i n  F igu re  21, the v e l o c i t y  of both 

shock waves becomes equa l .  With a f u r t h e r  i n c r e a s e  of t h e  p r e s s u r e ,  

only one shock wave propagates i n  t h e  material. 

This  i s  a t t r i b u t e d  t o  a 

With i n c r e a s i n g  p res su re  amplitude , t h e  v e l o c i t y  of t h e  

Two empi r i ca l  equa t ions  a r e  found. One g ives  t h e  r e l a t i o n  of t h e  

p r e s s u r e ,  P ,  t o  t h e  d e n s i t y  r a t i o ,  p / p  and t h i s  i s  t h e  Hugoniot equat ion 
0 

of state fer m-rhl , - L , , ~ .  The o the r  equa t ion  relates t h e  shock wave 

v e l o c i t y ,  U,  and the  p a r t i c l e  v e l o c i t y ,  u. The match of experiment t o  

e m p i r i c a l  d a t a  i s  shown i n  Figures 21  and 20. Up t o  the  p h a s e - t r a n s i t i o n  

r eg ion ,  t h e s e  r e l a t i o n s  have the form 

where P i s  i n  b a r s :  
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u = (3 .39 + 2.0u) 
where both U and u are i n  km/sec. A f t e r  p h a s e - t r a n s i t i o n  t h e  r e l a t i o n s  

have t h e  form 

P = 106 x 10 9 [ (p /po)  4.1 -13 b a r s .  

U = (4.01 + 1.30~) kmlsec. 

I n  o rde r  t o  determine t h e  bmndary  of t h e  p h a s e - t r a n s i t i o n  r e g i o n  

wi thou t  considerably inc reas ing  t h e  amplitude of t he  shock wave, t h e  

p o i n t  a t  which a f u r t h e r  increase i n  p r e s s u r e  brought no change i n  t h e  

shock wave v e l o c i t y  i n  t h e  marble was found. 

t o  5.40 km/sec. 

w i t h  t h e  U-u curve i n  F igu re  20 g i v e s  the  boundary p o i n t s ,  A and B. 

The corresponding p r e s s u r e  a t  the p o i n t  A i s  equa l  t o  146.5 Ki loba r s ,  

w h i l e  p / p o  = 1.230. 

t o  155.8 Kilobars  w i th  p / p o  = 1.247. 

This  v e l o c i t y  i s  equa l  

The i n t e r s e c t i o n  of t h e  s t r a i g h t  l i n e  U = 5 . 4  km/sec 

A t  p o i n t  B,  t h e  corresponding p r e s s u r e  i s  equa l  
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Fig.. 20. Dependence of t h e  Shock Wave Ve loc i ty  U on 
t h e  P a r t i c l e  Ve loc i ty  u.  A-Segment up t o  t h e  Phase 
Change; B-Segment A f t e r  Phase Change; Mixed Phase 
Region Between A and B. 

P 

I 
t I t 

1.1 1.2 1 . 3  1.4 1.5 

F i g .  21. Shock Compression Curve o f  Marble. A-Segment 
up t o  t h e  Phase Change; B-Segment A f t e r  t h e  Phase Change; 
Mixed Phase Region Between A and B.  
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